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Abstract

This note proves the Replacement Lemma that we talked about in class
on Tuesday 2/19/2002.

Lemma 0.1 (Replacement)f
1. D>T F Ele] : t, such that the hole it occurs at positiorp
2. DpThke:t
3. D’ is a subderivation o> occurring at positiorp and
4. TkHe
then,I' - Efe¢/] : .
It is crucial thatD'’ be a subderivation ab. For otherwise, the hypotheses
1. T+ Ele] : t,
2.I'Fe:t'and
3.TFe:t

do not imply[" - Ele'] : t. Consider the counter-example= O, e = DivZero,
e/ =5,t =Dbool andt =int . The judgements



1. I' - O[DivZerqg : bool ,
2. '+ DivZero: int and

3.TF5:int

are all true but imply” - O[5] : int , which is false.

Also, it is necessary that the position bf in D and the position ot in £
be the same. Otherwise, we have the counter-exatijil#vZerg, whereE =
if O then DivZeroelsel. If

1. D>0Fe:int
2. D, > ( + DivZero: bool and
3. Dy, > (0 + DivZero: int

then bothD; and D, are subderivations ab. If the restriction about the sub-
derivationD’ being at positionp were removed, then choosiig to be D, means
that the propositions

1. D> 0+ E[DivZerd : int
2. Dy > (0 - DivZero: int
3. D, is a subderivation ob and
4. 0 5:int
are all true, but imply the false judgeméhtt E[5] : int .

Proof (of Replacement Lemma

By induction onD. For the base caseb), has exactly one node. Therefore,
E =0, D' = D, andt = t' and the result follows.

For the inductive cases, we have the following subcases dependifig on

1. £ = 0. This impliesD = D" andt = t' and this is similar to the case
above.



2. E = +(E,,ey): By the Inversion Lemma;, = int , and there are deriva-
tions D; and D, such that

D, >TF Eife] :int Dy>TF ey :int
I'E +(E[e],e) :int

D = AOP

It follows that D' is a subderivation oD;. Clearly, D, is a proper subderiva-
tion of D. Thus, by the induction hypothesis}/- F;[¢'] : int . Again, by
the Inversion Lemmd, + e, : int . The result follows from the application
of the AOP rule.

The other cases far are similar and omitted. =



