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1 Intr oduction

This notedescribesthesyntax,staticsemantics,anddynamicsemanticsof a small functionallanguage,and
thenprovestype safety. The materialis basedon the early chaptersof RobertHarper’s recentmanuscript
ProgrammingLanguages: Theoryand Practice [1] but the dynamicsemanticshasbeenadaptedto be as
closeaspossibleto thestyleusedby theJbook[2] for describingthesemanticsof Java. Theproof of type
safetyis more involved becausethe semanticsusesseveral intermediatestructureslike environmentsand
stackswhoseinvariantshave to bemaintainedduringsubjectreduction.

2 Syntax

Thesyntaxis givenby thefollowing BNF. In thefollowing � rangesover integerconstants;andboth � and�
rangeover identifiers:

Types ������� int integer type	
bool booleantype	 ��
�� functiontype

Operators 
 ����� � 	���	���	���	 � 	��

Expressions � ����� � integer constants	 � variables	 
������ �"! primitiveapplications	
true

	
false booleanconstants	

if � then � else� conditionalexpressions	 � fun � � �#�$�%!'&"�)("! user-definedrecursivefunctions	 �*���+! functionapplications

Herearesomeexamplesof programswith their intuitivesemantics:

,.- � / a trivial program,10 � �2�3�2�546� 7)!8�8�2��9��;:�!;! anothertrivial program,1< � �2�3�2�546� 7)!8�8�2� � �546� =)!8�;:�!;! dividesby zero,1> � � fun int
� � int �.!�& if �?�#�@�;=)! then 4 else

� �#�A� � � � ���A�B4"!5!;!C("! factorial,1> � � fun int
� � int �.!�& � ���.!8("!D�E=)! infinite loop,1F � if true then 4 else � fun int

� � int �%!'& � �#�.!8("!B��=)! evaluatesto 1,HG � �2� true �B4"! typeerror,1I � � fun int
� � bool �.!J&K�A("! anothertypeerror
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LNM � � int LNM
true � bool LNM

false � bool LNM �O�P� if ���O�P�5!RQ L

LNM � - � int LNM � 0 � intLNM �?��� - � � 0 !S� bool
LNM � - � int LNM � 0 � intLNM � ��� - � � 0 !R� bool

LNM � - � int LNM � 0 � intLNM 
��E� - �;� 0 !R� int if 
 is oneof &+��� � � � � � (
LNM � - � bool LNM � 0 �6� LNM � < �P�LNM

if � - then � 0 else� < �6�
L �;�O�P�UT�� � �P�UTV
W�UX M �Y�6�UXLNM � fun � X � ��� T �%!'&"�)("!Z�6� T 
�� X

LNM � - �P� 0 
�� LNM � 0 �P� 0LNM � - �E� 0 !R�P�

Figure1: TypingRules

3 Static Semantics

Thestaticsemanticsfilters the setof syntacticallycorrectprogramsto excludethoseprogramsthatarenot
well-typedaccordingto therulesin Figure1. Theintention(which we formalizeandprove in Section5) is
thattheevaluationof awell-typedprogramwill beguaranteednot to encounteracertainclassof errors.Note
thatawell-typedprogrammaystill encountererrorsin anotherclass:non-terminationanddivisionby zeroin
oursmalllanguage.Also notethataprogramthatfails to typecheckaccordingto our rulesmaystill evaluate
without any errors. (For exampleif true then 4 else �?�E7�� false ! doesnot typecheckbut would evaluate
to 4 if allowedto execute.)In summary, thetyperulesarea staticapproximationof whatconstitutes“good
behavior.” Thefactthatsuchstaticapproximationscannever beexactmeansthatonecanalwaysdevelopa
moresophisticatedtypesystemthatacceptsa differentclassof programs.

Beforegettingto the type rules,notethat the syntaxforcesevery variabledeclarationto be associated
with a type: theformalparameterof a functionmustbegivena type,andthefunctiondeclarationitself must
begivena returntype. Intuitively speakingtheprocessof typecheckingis to make surethatevery useof a
variableis consistentwith its declaration.To facilitatethis process,variabledeclarationsandtheir typesare
collectedin a table(calledan environmentanddenotedwith the letter

L
) which is propagatedby the type

rulesfollowing the usualscopingrules. The judgment
L[M �\�@� meansthat given the environment

L
, we

canprove thatexpression� hastype � . Eachrule provesa judgmentfor a certainkind of expressionmaking
assumptionsaboutthejudgmentsfor thesubexpressions.

Hereis anexamplederivationfor thefactorialexample:

]@^ int _E` ^ int a int b ]@^ int ]@^ int _3` ^ int a int b@c ^ int]@^ int _E` ^ int a int b8dfe ] _#chg ^ bool ]@^ int _3` ^ int a int b@i ^ int j]@^ int _�` ^ int a int b if dfe ] _#c3g then i else k�e ] _3`5eml)e ] _3i�gngog ^ intp b@e fun int `�e int ] gCq if dfe ] _#chg then i else k*e ] _�`;erl)e ] _3iEgogngnstg ^ int a int

wherethederivation u is:

]@^ int _E` ^ int a int b ]@^ int ]@^ int _3` ^ int a int bv` ^ int a int

]A^ int _E` ^ int a int b ]@^ int ]@^ int _�` ^ int a int b@i ^ int]@^ int _E` ^ int a int b�l)e ] _Ei�g ^ int]A^ int _E` ^ int a int bv`;erl)e ] _hiEgog ^ int]@^ int _E` ^ int a int bvkte ] _E`;erl)e ] _3iEgogog ^ int
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4 Dynamic Semantics

The dynamicsemanticsis a function that mapsa syntacticallyvalid programto a value. The function is
partialsinceprogramsmaydiverge,causeerrorslikedivisionby zero,or getstuckif a nonsensicaloperation
suchasadding 4 to true is attemptedat runtime.In thenext sectionwewill beconcernedwith theproof that
well-typedprogramscannevergetstuckduringevaluation.

To becloseto theASM framework, thedynamicsemanticsis specifiedusinganabstractmachine.The
machinehasthreecomponents:thecodebeingevaluated,theenvironmentthatholdsthevaluesfor thefree
variablesin thecode,andthestackof activationrecords.Theevaluationproceedsin steps:at eachstep,a
subexpressionof theentireprogramischosenfor evaluation.Thesubexpressionsof theprogramaregradually
replacedby their valuesuntil theentireprogramreducesto a valueor evaluationgetsstuck.

To specifythisevaluationformally, wefirst needto definethesetof valuesandthenextendthesyntaxof
expressionsto accommodatethefactthatsomesubexpressionsmaybereplacedby valuesor runtimeerrors.

Values w ����� � integer values	
true

	
false booleanvalues	 x

clos� fun � � �#�$�%!'&"�)("!8�;y�z functionvalues(closures)	
DivZero error conditionfor divisionbyzero

ProperValues w�{|����� � integer values	
true

	
false booleanvalues	 x

clos� fun � � �#�$�%!'&"�)("!8�;y�z functionvalues(closures)

Environments y ����� &K� - �}w - �B~B~K~B�;�H���}wP�.(
RuntimeExpressions � ����� � integer constants	 � variables	 
������;�+! primitiveapplications	

true
	
false booleanconstants	

if � then � else� conditionalexpressions	 � fun � � �#�$�%!'&"�6(+! user-definedrecursivefunctions	 �*���+! functionapplications	 � integer values	
true

	
false booleanvalues	 x

clos� fun � � �#�$�%!'&"�)("!8�;y�z functionvalues(closures)	
DivZero error conditionfor divisionbyzero

Theprocessof choosingonesubexpressionto evaluateis bestexplainedusingthenotionof evaluation
contextsdefinedbelow.

Evaluationcontexts � ����� �K� emptycontext	 
������ �+! evaluateleft argumentfirst	 
��#w�{6�;�V! whendonewith left argument,go to right	
if � then � else� needthevalueof thetest	 �����+! left first	 w�{)�E�V! thenright

It is easyto verify thatevery runtimeexpression� hasauniquedecompositioninto anevaluationcontext
� anda subexpressionof interest.This is formalizedin thefollowing lemma.

Lemma 4.1(Unique Decomposition) Everyruntimeexpression� is in one(andonly one)of thefollowing
forms:
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� a value w ,

� anevaluationcontext � filled with:

1. an integer constant� ,

2. a variable � ,

3. a booleanconstanttrue or false,

4. a functiondeclaration � fun � � ���$�.!�&��)(+! ,
5. a primitiveoperationwhere thefirstargumentis anexception
�� DivZero� �+! ,
6. anapplicationof a primitiveoperationto twovalues
��#w�{- �5w 0 ! wherethefirstvalueis guaranteed

to bea propervalue,

7. a conditionalexpressionwith anevaluatedtestpositionif w then � - else � 0 ,
8. anapplicationwhere thefunctionpositionis anexceptionDivZero���+! ,
9. an applicationof two values w�{- �#w 0 ! where the functionposition is guaranteedto be a proper

value.

Eachactivation recordis of the form �E���5y�! . In other words, when a function call occurswithin an
evaluationcontext � , we save theevaluationcontext on thestacktogetherwith theenvironmentneededfor
its freevariables.

To evaluatea program� , theabstractmachineis put in the initial state
x ��� ���K� �#z . A successfulevaluation

terminateswith a stateof the form
x w.�5y.�K� �#z for somevalue w andenvironment y . The transitionsof the

machineare: x wH�;y��E�K�E���5y�!S�)�%z��� 
 x ��� w)�h�5y.� �%z
x ��� � �h�5y.� �%z��� 
 x ��� � �h�5y.� �%zx ��� ���h�5y.� �%z��� 
 x ��� y%�#�%!h�h�5y.� �%z if �OQ��6�+�O��y*!x ��� true �h�5y.� �%z��� 
 x ��� true �h�5y.� �%zx ��� false�h�5y.� �%z��� 
 x ��� false �h�5y.� �%zx ���n� fun � � � �#�$�%!'&"�)("!3�h�5y.� �%z��� 
 x ��� x clos� fun � � � ���$�.!�&��)("!D�5y�z3�h�5y.� �%z

x ��� �2� �@- � �$0 !h�h�5y.� �%z��� 
 x ��� �@- � �$0 �3�;yH�C�.zx ��� � � �@- � �$0 !h�h�5y.� �%z��� 
 x ��� �@- � �$0 �h�5y.� �%zx ��� � � �@- � �$0 !h�h�5y.� �%z��� 
 x ��� �@- � �$0 �3�;yH�C�.zx ��� � � �@- � �$0 !h�h�5y.� �%z��� 
 x ��� �@- � �$0 �3�;yH�C�.z if �$0����=x ��� � � � � = !h�h�5y.� �%z��� 
 x ��� DivZero�h�5y.� �%zx ��� �?� � � � !h�h�5y.� �%z��� 
 x ��� true �h�5y.� �%zx ������� �@- � �$0 !h�h�5y.� �%z��� 
 x ��� false �h�5y.� �%z if �@-��� �$0x ��� � � �@- � �$0 !h�h�5y.� �%z��� 
 x ��� true �h�5y.� �%z if �@- � �$0x ��� � � �@- � �$0 !h�h�5y.� �%z��� 
 x ��� false �h�5y.� �%z if �@-����$0x ��� 
���wH� DivZero!h�h�5y.� �%z��� 
 x ��� DivZero�h�5y.� �%zx ��� 
�� DivZero�;�+!h�h�5y.� �%z��� 
 x ��� DivZero�h�5y.� �%z
x ��� if true then � - else� 0 �h�5y.� �%z��� 
 x ��� � - �3�;yH�C�.zx ��� if false then � - else� 0 �h�5y.� �%z��� 
 x ��� � 0 �3�;yH�C�.zx ��� if DivZerothen � - else� 0 �h�5y.� �%z��� 
 x ��� DivZero�h�5y.� �%z

x ���r�B�U�#w�!h�h�5y.� �%z��� 
 x �)�;y��3� �O���}wH� � �����B�r�h�K�E���5y�!R�)�%z
where �B��� x

clos� fun �U� � ���$�.!J&"�6(+!8�;y��rz
and w �� DivZerox ��� DivZero���+!h�h�5y.� �%z��� 
 x ��� DivZero�h�5y.� �%zx ��� x clos� fun �U� � �#�A�.!�&��)("!D�5y*��z8� DivZero!h�h�5y.� �%z��� 
 x ��� DivZero�h�5y.� �%z
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As asmallexample,we tracetheevaluationof theprogram:

� fun int
� � int �%!J& if �����A�;=�! then 4 else

� ���A� � � � �#�@�B4�!;!5!8("!D�54�!
whichshouldcomputethefactorialof 4 :

�h 
fun int ¡  

int ¢�£%¤ if ¥   ¢.¦t§"£ then ¨ else ©   ¢H¦U¡  hª«  ¢.¦C¨8£t£t£U¬K£   ¨8£;¦U­6¦B® ¯�°± ª*² �t�
clos

 
fun int ¡  

int ¢�£%¤ if ¥   ¢.¦t§"£ then ¨ else ©   ¢H¦5¡  hª«  ¢.¦ ¨8£t£t£U¬K£;¦U­�°   ¨D£;¦5­P¦D® ¯r°± ª*² �t�
clos ³ ³C³C¦5­"°   ¨ £;¦U­6¦B® ¯�°± ª*² �

if ¥   ¢.¦t§�£ then ¨ else ©   ¢.¦5¡  hª«  ¢H¦C¨D£t£t£;¦;¤8¢V¥�¨ ¦5¡V¥ �
clos ³C³8³C¦t­"°U¬+¦   ® ¯#¦U­�£'´*® ¯�°± ª*² �

if ¥   ¨ ¦U§�£ then ¨ else ©   ¢.¦5¡  hª«  ¢H¦ ¨D£t£t£;¦ ¤8¢V¥�¨ ¦5¡V¥ �
clos ³C³C³8¦t­"°U¬+¦   ® ¯#¦5­�£'´�® ¯r°± ª*² �

if ¥   ¨ ¦U§ £ then ¨ else ©   ¢.¦5¡  hª«  ¢H¦ ¨D£t£t£;¦ ¤8¢V¥�¨ ¦5¡V¥ �
clos ³C³C³8¦t­"°U¬+¦   ® ¯#¦5­�£'´�® ¯r°± ª*² �

if false then ¨ else ©   ¢H¦U¡  hª«  ¢.¦C¨8£t£t£;¦;¤D¢V¥�¨ ¦U¡�¥ �
clos ³ ³C³C¦U­�°U¬+¦   ® ¯#¦5­"£v´�® ¯�°± ª*² � ©   ¢H¦5¡  hª«  ¢.¦ ¨8£t£t£;¦ ¤D¢V¥�¨ ¦U¡�¥ �

clos ³ ³C³8¦U­"°U¬"¦   ® ¯�¦t­"£µ´*® ¯�°± ª*² � ©   ¨ ¦5¡  hª«  ¢.¦ ¨8£t£t£;¦;¤D¢�¥�¨ ¦U¡�¥ �
clos ³ ³C³C¦5­"°U¬"¦   ® ¯#¦5­"£µ´*® ¯�°± ª*² � ©   ¨ ¦ � clos ³C³ ³C¦U­"°  hª«  ¢.¦;¨D£t£t£;¦;¤8¢V¥�¨ ¦5¡Y¥ �

clos ³C³C³C¦t­"°U¬+¦   ® ¯#¦U­�£'´*® ¯�°± ª*² � ©   ¨ ¦ � clos ³C³ ³C¦U­"°  hª«  ¨ ¦8¨D£t£t£;¦;¤8¢V¥�¨ ¦;¡Y¥ �
clos ³8³C³C¦t­"°U¬+¦   ® ¯#¦U­�£'´*® ¯�°± ª*² � ©   ¨ ¦ � clos ³C³ ³C¦U­"°  hª«  ¨ ¦8¨ £t£t£;¦;¤8¢V¥�¨ ¦;¡Y¥ �
clos ³8³C³C¦t­"°U¬+¦   ® ¯#¦U­�£'´*® ¯�°± ª*² � ©   ¨ ¦ � clos ³C³ ³C¦U­"°   § £t£;¦;¤D¢V¥�¨ ¦;¡Y¥ �

clos ³8³ ³C¦U­"°U¬"¦   ® ¯�¦t­"£µ´�® ¯�°± ª*² �
if ¥   ¢.¦t§�£ then ¨ else ©   ¢.¦5¡  hª«  ¢H¦C¨D£t£t£;¦;¤8¢V¥�§ ¦5¡V¥�³C³8³ ¬+¦   ©   ¨ ¦D® ¯�£;¦ ¤D¢V¥�¨ ¦;¡Y¥�³C³8³ ¬K£µ´   ® ¯#¦5­"£v´*® ¯�°± ª*² �
if ¥   § ¦U§�£ then ¨ else ©   ¢.¦5¡  hª«  ¢H¦ ¨D£t£t£;¦ ¤8¢V¥�§ ¦5¡V¥�³C³C³�¬+¦   ©   ¨ ¦D® ¯�£;¦ ¤D¢V¥�¨ ¦5¡V¥�³C³C³�¬K£v´   ® ¯#¦5­"£v´*® ¯�°± ª*² �
if ¥   § ¦U§ £ then ¨ else ©   ¢.¦5¡  hª«  ¢H¦ ¨D£t£t£;¦ ¤8¢V¥�§ ¦5¡V¥�³C³C³�¬+¦   ©   ¨ ¦D® ¯�£;¦ ¤D¢V¥�¨ ¦5¡V¥�³C³C³�¬K£v´   ® ¯#¦5­"£v´*® ¯�°± ª*² �
if true then ¨ else ©   ¢.¦5¡  hª«  ¢.¦;¨D£t£t£;¦;¤8¢2¥�§ ¦5¡�¥�³C³ ³�¬"¦   ©   ¨ ¦8® ¯�£;¦;¤8¢�¥¶¨ ¦5¡V¥¶³ ³C³�¬B£v´   ® ¯#¦5­"£v´�® ¯�°± ª*² � ¨�¦ ¤8¢V¥�§ ¦5¡V¥�³C³C³�¬+¦   ©   ¨ ¦D® ¯�£;¦ ¤D¢V¥�¨ ¦5¡V¥�³C³C³�¬K£v´   ® ¯#¦5­"£v´*® ¯�°± ª*² � ¨ ¦ ¤8¢V¥�§ ¦5¡V¥�³C³C³�¬+¦   ©   ¨ ¦D® ¯�£;¦ ¤D¢V¥�¨ ¦5¡V¥�³C³C³�¬K£v´   ® ¯#¦5­"£v´*® ¯�°± ª*² � ©   ¨ ¦C¨ £;¦;¤8¢V¥�¨ ¦5¡V¥¶³ ³C³ ¬+¦   ® ¯#¦5­"£v´�® ¯�°± ª*² � ¨ ¦ ¤8¢V¥�¨ ¦5¡V¥�³C³C³�¬+¦   ® ¯#¦5­"£µ´*® ¯�°± ª*² � ¨ ¦5­P¦D® ¯�°

5 TypeSafety

Typesafetymeansthat if a programtypechecksthenits evaluationcannotgetstuck. Thuswhatwe wish to
guaranteeis thattheevaluationof a program, of a type � canonly resultin oneof thefollowing cases:

� apropervalue w�{ of type � ,
� anexceptionDivZero, or

� aninfinite loop.

To understandtheproof strategy, considerthecaseof a program, of type � evaluatingto a propervalue
w�{ in a million transitionsof our abstractmachine. To relatethe initial programandits type to the value
w�{ , it is naturalto proceedonemachinetransitionat a time. If we canprove that eachmachinetransition
preservesthetypeof theexpression,andthatwell-typedmachinestatescanalwaysmakeprogressuntil they
becomefinal states,thenwecanconcludeourmainresultby inductiononthenumberof machinetransitions.
This is the gist of our proof technique.This basicideahasto be extendedhowever sinceevaluationuses
auxiliarystructures(runtimevalues,environments,andstackframes)thataffect thecurrentexpressionbeing
evaluated.Henceto guaranteethatthecurrentexpressionremainswell-typed,wemustmaintaincertaintype
informationaboutruntimevalues,environmentsandstackframesandpropagatethis informationat every
transition.
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5.1 Definitions

We begin by providing thedefinitionsfor thetyperulesof environments,runtimevalues,andstacks.

Definition 5.1(Envir onmentsmatch) A typingenvironment
L

matchesa valueenvironmenty (written
LN·

y ) if thedomainsof bothenvironmentsare identicaland for everyvariable � in that domain,wehavethat
� M y.���.!S� L �#�%! .
Definition 5.2(Value typing) All valuesare closedand hencecan be typedin an emptytypeenvironment
but thetyperulesare valid in anyenvironment

L
.

LNM � � int LNM
true � bool LNM

false � bool

LNM
DivZero �P� for any �

L ���;�O�P� - � � �6� - 
�� 0 M �Y�P� 0 L � · y*�LNM x
clos� fun � X � �#� T �.!�&��)("!D�5y*��zR�P� - 
W� 0

Note that whenwe type closureswe do not rely on the given signature,but insteadrely on the available
runtime information. To infer that a closureis of type � - 
¸� 0 , we mustfind a typing environmentthat
matchestheclosure’s environmentandprove that thebodyhastheright type. Therule for exceptionssays
thatwecanassignany typeto DivZero.

Definition 5.3(Frame typing) We view each stack frameasa functionthat expectsa returnvaluecalled �
fromthecalleeandthendeliverits ownvalueto its caller.

L �5�O�P� - M ��� ���v�P� 0 LN· y
�����;y*!S�6� - 
�� 0

Notethatthename� cannotoccurin
L

. This is not a problembecausewe canrenamevariablesif thereis a
clash.

Definition 5.4(StackTyping) The stack is just a sequenceof frameswhere each frameexpectsa return
valuefromtheframeafter it andpassesit to theframebefore it. Theentire stack canthusbeseenastaking
a returnvaluefromthecurrentexpressionandproducingthefinal answer:

� �A�P��
�� for any � �����5y�!R�P� - 
�� �¹�P�'
W� 0
�5�E���5y�!S�)�.!R�P� - 
º� 0

Thefinal answercanbeof any type,whichexplainsthetypingwegiveto thebottomof thestack.

5.2 Little Lemmas

Beforegettinginto themainproofof typesafety, weprovidewithoutproofsomeusefulauxiliary lemmas.

Lemma 5.1(Replacement) If � is nota value,
LNM ��� �K�A�P� , LNM �V�P�U� , and

LNM ���$�P�U� , then
LNM ��� �"���@�P� .

This basicallysaysthat if we cantypecheckan expressionlike ��� /"� thenwe cancertainlyalsotypecheck
��� »+� since / and » have the sametype. The lemmafails if we do not restrict � to be a non-value. As a
counterexamplein thatcase,take �¼� DivZero.

Lemma 5.2(Substitution) If � is not freein � ,
L �;���µ� M ��� �1�Y�@�U� and

L½M �¾�@� , then
L½M ��� �K�¼�µ�U� .

Converselyif
LNM ��� �K�A�P� � , LNM �Y�P� , then

L �5�O�6� M ��� ���A�6� � .
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This is almostthesameasthepreviouslemma.It saysthat if we cantypecheck��� ��� undertheassumption
that � is anint, thenwecancertainlytypecheck��� /"� wherewe havereplaced� by somethingof thesame
type,andviceversa.

Lemma 5.3(Envir onmentExtension) If
LNM �V�P� and

L �A¿ L
, then

L � M �Y�6� .
This lemmasaysthataddingmore“junk” variablesto theenvironmentdoesn’t affect typing. So if we can
provethat � M /2� int thenwecanalsoprovethat &��¹� bool ( M /2� int.

Lemma 5.4(Subterm typing) If
LNM ��� �K�A�P� then

LNM �Y�P�U�
In otherwords,if we typea term,thenall its subtermsmusthave types.Theenvironmentdoesnotchangein
thestatementsincetheevaluationcontext � doesnotbindany variables.

Lemma 5.5(InversionLemma)

� If
LNM � �P� , then ��� int.

� If
LNM

true �P� , then �J� bool.

� If
LNM

false �P� , then ��� bool.

� If
LNM �¹�P� , then

L ���.!J�}� .
� If

LNM 
���� - � � 0 !R�P� where 
 is oneof &+��� � ( , then �'� bool and
LNM � - � int and

LOM � 0 � int.

� If
LNM 
���� - � � 0 !R�P� where 
 is oneof &+��� � � � � � ( , then ��� int and

LNM � - � int and
LOM � 0 � int.

� If
LNM

if � - then � 0 else � < �6� , then
LNM � - � bool and

LNM � 0 �P� and
LNM � < �)� .

� If
LNM � fun � X � �#� T �.!J&��)("!Z�P� , then ���À� T 
�� X and

L �5�¹�P� T � � �6� T 
�� X M �Y�P� X .
� If

LNM � - ��� 0 !R�6� , thenthereexistsa � 0 such that
LNM � - �P� 0 
�� and

LOM � 0 �P� 0 .
� If

LNM � �P� , then ��� int.

� If
LNM

true �P� , then �J� bool.

� If
LNM

false �P� , then ��� bool.

� If
L\M x

clos� fun � X � ��� T �%!J&��)("!D�5y*�rzf�6� , thenthere exist
L � · y�� and � - and � 0 such that �Z��� - 
Á� 0

and
L �E�5�¹�6� - � � �P� - 
�� 0 M �Y�6� 0 .

Lemma 5.6(CanonicalForms Lemma) Supposethat � M w��P� :
� If �'� int, then w�� � for some� or w2� DivZero.

� If �'� bool, then w2� true or w2� false or w2� DivZero.

� If �'�À� - 
�� 0 , then w�� x
clos� fun �UX � �#�UTf�%!'&"�6(+!8�;y�z for some�UX , � , �UT , � , � , and y , or w2� DivZero.

In otherwords,thetypeof avaluepredictsits form.
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5.3 Main Lemma and Theorem

Themostinterestingthinghereis thestatementof theLemma5.8whichpreciselydescribeswhatconstitutes
a “goodstate.” GivenLemma5.8,theactualproofof typesafety(Theorem5.7) is ratherstraightforward.

Theorem5.7(TypeSafety) If � M �Y�P�5Â and:

x ��� ���K� �#z�� � 
 { x wH�;yH��� ��z
then w is of type �5Â . (Notethatour definitionof valuesincludestheDivZeroexceptionwhich haseverytype.)

Proof. We proceedby inductionon the numberof transitionsusingLemma5.8. The initial state
x ���C���K� ��z

satisfiesthepremiseof theLemma5.8 with
L

beingemptyand �Ã��� Â . The lemmaensuresus thatwe can
makeprogressby repeatedlyupdatingthestate.Whenwereachthefinal statethenthelastapplicationof the
lemmaensuresthatthereis a

L � suchthat
L � M w��P�U� . But sincethestackis empty �U� mustbethesameas �5Â .

Lemma 5.8(Progressand SubjectReductionLemma) If

� LNM �V�P� ,
� LN· y , and

� ���6��
�� Â ,

theneitherthestate
x ���5y.� �%z is a final stateor it canbeupdatedto

x �"�E�5y*���C�1�mz wherethereexist
L � and �U� such

that:

� L � M �"���P�U� ,
� L � · y � , and

� � � �6� � 
��5Â .

Proof. By caseanalysison � usingtheuniquedecompositionlemma:

� Case� is a value w . We aregiven
LÀM w��$� , LÀ· y , and �¶���Y
��5Â . If � is emptythenwe have a

final stateandwe aredone.Elsewe have �O�Ä��� - �5y - !Ã�1� - andthestate
x w.�5y.�K��� - �;y - !¼�1� - z canbe

updatedto
x � - � w6�h�5y - �C� - z . Becausewe know that �\�*�R
Å� Â , we know thatthereexistsa �U� suchthat

��� - �5y - !S�P��
��U� and � - �P�U�.
W� Â . Because��� - �;y - !R�6��
��U� , theremustexist a
L - suchthat

L - · y -
andwhere

L - �;�Æ�H� M � - � ���S�1�U� . Theresultthenfollows easilyusingthesubstitutionlemmasince w
hastype � in any environment.

� Case� is ��� � � . We aregiven
LÆM ��� � ����� , LÆ· y , and �Ç�1�S
È� Â . By anapplicationof thesubterm

typing lemmafollowedby anapplicationof theinversionlemma
L¾M � � int. Thestate

x ��� � �h�5y.� �%z
canbeupdatedto

x ��� � �3�;yH�C�.z . Since
L�M � � int, we canconcludeby thereplacementlemmathatLNM ��� � �A�)� .

� Case� is ��� true � or ��� false � . Thesecasesarealmostidenticalto thepreviouscase.

� Case� is ��� ��� . We aregiven
L�M ��� �����*� , LÇ· y , and �N���S
º�5Â . By thesubtermtyping lemmaand

theinversionlemma,thevariable� mustbein thedomainof
L

. Let �UTV� L ���.! thenwehave
LNM �¹�P�UT .

Because
LN· y , thevariable� mustalsobein thedomainof y . Thismeansthatit is possibleto update

thestate
x ��� ���h�5y.� �%z to

x ��� y.���.!t�3�;yH�C�.z . Since
LN· y , weknow that � M y%�#�.!f�6� T . By theenvironment

extensionlemma
LNM y%�#�%!S�P� T andby thereplacementlemma

LNM ��� y%�#�.!t�@�P� .

8



� Case� is ���n� fun �UX � �#�UTV�.!S&+É�("!t� . We know that
L¶M ���n� fun �UX � �#�UTV�.!f&"É�(+!h�Z�%� , L}· y , and �Ê�

�Z
º�5Â . By thesubtermtyping lemmaandtheinversionlemma,
LÇM � fun �UX � �#�UT¼�%!Z&"É�(+!S�)�UT�
º�UX .

Hence
L �;�}���UT�� � �$�UTO
��UX M É��$�UX . Thestate

x ����� fun �UX � �#�UTV�.!Ã&"É"("!h�h�5y.� �%z canbeupdatedtox ��� x clos� fun �UX � �#�UTÃ�.!�&"É�(+!8�;y�zh�3�;yH�C�.z . We needto show that
LNM ��� x clos� fun �UX � ���UTÃ�%!J&"É�(+!8�5y�zE�A�

� . Giventhat
L �;�¹�P�UT�� � �P�UTV
W�UX M �V�P�UX andthat

LN· y it followsfrom thedefinitionof valuetyping
that � M x

clos� fun �UX � ���UTÃ�%!'&+É�("!D�5y�zf���UT�
Ë�UX . Theresultfollowsusingtheenvironmentextension
lemmaandthenthereplacementlemma.

� Case������� 
�� DivZero�;� - !h� . Thestatecanbeupdatedto
x ��� DivZero�h�5y.� �%z andtheresultfollows.

� Case�¼�À��� 
��#w�{- �5w 0 !h� . Weonly considerthecaseof division; theothercasesaresimilarandsomewhat
simplersincethey do not themselvesraiseexceptions. We aregiven

L?M ��� � ��w�{- �5w 0 !h���'� . By the
subtermtyping lemmaand the inversionlemma,we get

LÌM � �#w�{- �;w 0 !Ê� int. This implies thatLNM w�{- � int and
LNM w 0 � int. By thecanonicalformslemma,thevalue w - mustbeanintegervalue

and w 0 is eitheranintegervalueor anexception.We proceedby cases:

– w - � �@- , w 0 � �$0 ��Í= . Thestate
x ��� � �E� - �;� 0 !h�h�5y.� �%z canbeupdatedto

x ��� �@- � �$0 �h�5y.� �%z . The
resultfollowseasily.

– w - � � - , w 0 �[= or w 0 � DivZero. Thestate
x ��� � �E� - �;� 0 !h�h�5y.� �%z canbeupdated.Theresultstate

is
x ��� DivZero�h�5y.� �%z andtheresultalsofollowseasilysinceDivZerocanhaveany typeincluding

int.

� Case�¼�}��� if w then � - else� 0 � . Following thepreviouscases,wefirst concludethat w hastypebool
andusingthecanonicalforms lemma,considerthe threepossiblevaluesof this type: true, false, or
DivZero. Theresultfollows for eachcase.

� Case������� DivZero�E�+!h� . Easy.

� Case�Î�À��� w�{- ��w 0 !t� . Following thepreviouscases,wefirst show that
LNM w�{- �6� 0 
�� - and

LNM w 0 �P� 0 .
If w 0 is anexception,wearedoneasbefore.Otherwise,thecanonicalformslemmaensuresthat w - is a
closureof theform

x
clos� fun �UX � �#�UTÎ�%!Z&��+ÏD("!8�;y*ÏCz . Becausewe know this closurehastype � 0 
Á� - ,

we concludethat thereexistsa
L Ï · y*Ï suchthat

L ÏK�;�Ê�H� 0 � � �.� 0 
Ð� - M �+ÏY�H� - . Thestatecanbe
updatedto

x � Ï �5y Ï � �¾���[w 0 � � ���[w - �h�K�����5y�!«���%z andit sufficesto prove that
L Ï �;�Ç�*� 0 � � �*� 0 
Á� 0 ·

y Ï � �Ñ����w 0 � � ����w - � andthat �5�E���5y�!��%�H!¼�H� - 
Ò� Â . Thefirst statementis immediate.To prove the
secondweneedto show that �����5y�!f��� - 
Á� which wecanprove if we know that

L �CÓ���� - M ��� ÓP�@��� .
This followsfrom thesubstitutionlemma.
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A AsmGofer Implementation

{--

File: minML.gs

A small typed functional language and its formalization in AsmGofer...

by Amr Sabry (based on Ch. 3-5 of Programming Languages: Theory and
Practice, Robert Harper, Draft of Dec. 2000 and using the style
developed for the JBook)

--}

-------------------------------------------------------------------------------
-- Annotated abstract syntax trees:
-- * initially the AST has no types and only uses syntactic constructors
-- * after typechecking the nodes are decorated with types
-- * during evaluation syntactic constructors are replaced by semantic values
-------------------------------------------------------------------------------

data MLType = T_Int | T_Bool | T_Arrow MLType MLType
instance AsmTerm MLType

data MLOp = O_Plus | O_Times | O_Minus | O_Div | O_Equal | O_LessThan
instance AsmTerm MLOp

data MLTerm a = Term a [MLTerm a]
instance AsmTerm a => AsmTerm (MLTerm a)

data MLForm = -- a
-- Syntactic forms
S_Num Int -- []

| S_Var String -- []
| S_Prim MLOp -- [MLTerm a, MLTerm a]
| S_True -- []
| S_False -- []
| S_If -- [MLTerm a, MLTerm a, MLTerm a]
| S_Fun MLType String (String,MLType) -- [MLTerm a]
| S_App -- [MLTerm a, MLTerm a]
-- Runtime values or errors
| R_Val MLValue -- []
| R_DivZero -- []

instance AsmTerm MLForm

type MLExp = MLTerm MLForm
type TypedMLExp = MLTerm (MLForm,MLType)

data MLValue = V_Num Int | V_True | V_False | V_Closure MLExp VEnv
instance AsmTerm MLValue

type VEnv = [(String,MLValue)]

------------------------------------------------------------------------------
-- Static semantics:
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-- * typechecking takes an AST and returns another AST with all the types
-- or aborts if there is an error
-------------------------------------------------------------------------------

type TEnv = [(String,MLType)]

tlookup :: String -> TEnv -> MLType
tlookup v [] = error ("Typechecking: unbound variable " ++ v)
tlookup v ((s,t):r) = if v == s then t else tlookup v r

typeOf :: TypedMLExp -> MLType
typeOf (Term (_,t) _) = t

typecheck :: MLExp -> TEnv -> TypedMLExp
typecheck exp tenv =

case exp of

Term (S_Num i) [] -> Term (S_Num i, T_Int) []

Term (S_Var v) [] -> Term (S_Var v, tlookup v tenv) []

Term (S_Prim b) [e1,e2] | b == O_Equal || b == O_LessThan ->
let e1’ = typecheck e1 tenv

e2’ = typecheck e2 tenv
rt = case (typeOf e1’, typeOf e2’) of

(T_Int,T_Int) -> T_Bool
(t1,t2) ->

error ("Typechecking: operator <"
++ show b ++ "> requires operands of type int; found <"
++ show t1 ++ "> and <" ++ show t2 ++ ">")

in Term (S_Prim b, rt) [e1’,e2’]

Term (S_Prim b) [e1,e2] | b == O_Plus || b == O_Minus ||
b == O_Times || b == O_Div ->

let e1’ = typecheck e1 tenv
e2’ = typecheck e2 tenv
rt = case (typeOf e1’, typeOf e2’) of

(T_Int,T_Int) -> T_Int
(t1,t2) ->

error ("Typechecking: operator <"
++ show b ++ "> requires operands of type int; found <"
++ show t1 ++ "> and <" ++ show t2 ++ ">")

in Term (S_Prim b, rt) [e1’,e2’]

Term S_True [] -> Term (S_True, T_Bool) []

Term S_False [] -> Term (S_False, T_Bool) []

Term S_If [e1,e2,e3] ->
let e1’ = typecheck e1 tenv

e2’ = typecheck e2 tenv
e3’ = typecheck e3 tenv
rt = if typeOf e1’ == T_Bool && typeOf e2’ == typeOf e3’

then typeOf e2’
else error ("Typechecking: if requires a boolean and "
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++ "two expressions of the same type; found <"
++ show (typeOf e1’) ++ ">, <"
++ show (typeOf e2’) ++ ">, and <"
++ show (typeOf e3’) ++ ">")

in Term (S_If,rt) [e1’,e2’,e3’]

Term (S_Fun rt fn (pn,pt)) [e] ->
let tenv’ = (fn, T_Arrow pt rt) : (pn, pt) : tenv

e’ = typecheck e tenv’
ct = if typeOf e’ == rt

then T_Arrow pt rt
else error ("Typechecking: declared return type <" ++ show rt

++ "> does not agree with actual return type <"
++ show (typeOf e’) ++ ">")

in Term (S_Fun rt fn (pn,pt), ct) [e’]

Term S_App [e1,e2] ->
let e1’ = typecheck e1 tenv

e2’ = typecheck e2 tenv
ct = case (typeOf e1’, typeOf e2’) of

(T_Arrow t2 t, t2’) | t2 == t2’ -> t
(t1,t2) ->

error ("Typechecking: attempting to apply a "
++ "function of type <"
++ show t1 ++ "> to an argument of type <"
++ show t2 ++ ">")

in Term (S_App,ct) [e1’,e2’]

exp -> error ("Typecheck: unexpected expression " ++ show exp)

-------------------------------------------------------------------------------
-- Positions
-------------------------------------------------------------------------------

type Pos = [Int]

up :: Pos -> Pos
up [] = [] -- NOT an error (used to return from top level evaluation)
up ds = init ds

firstPos :: Pos
firstPos = []

down :: (Pos,Int) -> Pos
down (ds,d) = ds ++ [d]

-- During evaluation we replace syntactic constructors by dynamic values or
-- runtime errors
substMLExp :: (MLExp, MLExp, Pos) -> MLExp
substMLExp (e, (Term _ _), []) = e
substMLExp (e, (Term a ts), p:ps) =

let (lts,rt:rts) = splitAt p ts
in Term a (lts ++ [ substMLExp(e,rt,ps) ] ++ rts)

substMLExp (e1, e2, p) =
error ("substMLExp: unexpected arguments "
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++ show e1 ++ ", "
++ show e2 ++ ", and "
++ show p)

-- context takes an expression and a position and returns
-- the subexpression at the position
context :: (MLExp, Pos) -> MLExp
context (e,[]) = e
context (Term _ es, i:is) = context (es!!i, is)
context (e,p) = error ("context: unexpected expression and position "

++ show e ++ " and "
++ show p)

-------------------------------------------------------------------------------
-- ASM states
-------------------------------------------------------------------------------

code :: Dynamic MLExp
code = initVal "code" asmDefault

pos :: Dynamic Pos
pos = initVal "pos" firstPos

env :: Dynamic VEnv
env = initVal "env" []

type SFrame = (MLExp,Pos,VEnv)

stack :: Dynamic [SFrame]
stack = initVal "stack" []

initialize :: MLExp -> IO ()
initialize e =
fire1 (do code := e

pos := firstPos
env := []
stack := [])

-------------------------------------------------------------------------------
-- Evaluation:
-- * proceeds by finding a position where we can evaluate
-- * performs the evaluation
-- * replaces the constructor at the position with the value
-------------------------------------------------------------------------------

vlookup :: String -> VEnv -> MLValue
vlookup v [] = error ("vlookup: unexpected unbound variable" ++ v)
vlookup v ((s,va):r) = if v == s then va else vlookup v r

execML :: Rule ()
execML =
case context (code,pos) of

Term (S_Num i) [] -> yield (Term (R_Val (V_Num i)) [])
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Term (S_Var v) [] -> if v ‘elem‘ map fst env
then yield (Term (R_Val (vlookup v env)) [])
else skip

Term (S_Prim op) [Term (R_Val v1) [], Term (R_Val v2) []] ->
if op == O_Div && v2 == V_Num 0
then yield (Term R_DivZero [])
else yield (Term (applyOp op v1 v2) [])

Term (S_Prim op) [Term (R_Val v1) [], Term R_DivZero []] ->
yield (Term R_DivZero [])

Term (S_Prim op) [Term (R_Val v1) [], e2] -> pos := down (pos,1)

Term (S_Prim op) [Term R_DivZero [], e2] -> yield (Term R_DivZero [])

Term (S_Prim op) [e1,e2] -> pos := down (pos,0)

Term S_True [] -> yield (Term (R_Val V_True) [])

Term S_False [] -> yield (Term (R_Val V_False) [])

Term (S_If) [Term R_DivZero [], e2, e3] -> yield (Term R_DivZero [])

Term (S_If) [Term (R_Val v1) [], e2, e3] ->
case v1 of

V_True -> yield e2
V_False -> yield e3
_ -> skip

Term (S_If) [e1,e2,e3] -> pos := down (pos,0)

Term (S_Fun rt fn (pn,pt)) [e] ->
yield (Term (R_Val (V_Closure (Term (S_Fun rt fn (pn,pt)) [e]) env)) [])

Term S_App [Term (R_Val v1) [], Term R_DivZero []] ->
yield (Term R_DivZero [])

Term S_App [Term (R_Val v1) [], Term (R_Val v2) []] ->
case v1 of

V_Closure (Term (S_Fun rt fn (pn,pt)) [e]) lenv ->
do stack := (code,pos,env) : stack

code := e
pos := firstPos
env := (pn,v2) : (fn,v1) : lenv

_ -> skip

Term S_App [Term R_DivZero [], e2] -> yield (Term R_DivZero [])

Term S_App [Term (R_Val v) [], e2] -> pos := down (pos,1)

Term S_App [e1,e2] -> pos := down (pos,0)

Term (R_Val v) ts ->
case stack of
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[] -> skip
(c1,p1,e1):s1 -> do code := substMLExp (Term (R_Val v) ts, c1, p1)

pos := up p1
env := e1
stack := s1

Term R_DivZero [] ->
case stack of
[] -> skip
(c1,p1,e1) : s1 -> do code := substMLExp (Term R_DivZero [], c1, p1)

pos := up p1
env := e1
stack := s1

e -> error ("execML: unexpected expression " ++ show e)

yield :: MLExp -> Rule ()
yield result = do

code := substMLExp (result , code , pos)
pos := up pos

-------------------------------------------------------------------------------
-- Evaluation
-------------------------------------------------------------------------------

eval :: MLExp -> IO ()
eval e = do putStr "-----------------------------------------\nTypechecking..."

putStr "\nExpression: "
print e
putStr "has type: "
print (typeOf (typecheck e []))
putStr "-----------------------------------------\nEvaluating...\n"
initialize e
fixpoint (trace printState execML)
printValue

applyOp :: MLOp -> MLValue -> MLValue -> MLForm
applyOp O_Plus (V_Num i1) (V_Num i2) = R_Val (V_Num (i1+i2))
applyOp O_Times (V_Num i1) (V_Num i2) = R_Val (V_Num (i1*i2))
applyOp O_Minus (V_Num i1) (V_Num i2) = R_Val (V_Num (i1-i2))
applyOp O_Div (V_Num i1) (V_Num i2) = R_Val (V_Num (i1/i2))
applyOp O_Equal (V_Num i1) (V_Num i2) =

R_Val (if i1 == i2 then V_True else V_False)
applyOp O_LessThan (V_Num i1) (V_Num i2) =
R_Val (if i1 < i2 then V_True else V_False)

applyOp op v1 v2 =
error ("applyOp: unexpected operator and values"
++ show op ++ ", " ++ show v1 ++ ", and " ++ show v2)

printState :: IO ()
printState = do putStr "<code = "

print code
putStr ",pos = "
print pos
putStr ",env = "
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print env
putStr ",stack size = "
print (length stack)
putStr ">\n---------------------\n"

printValue :: IO ()
printValue = do putStr "VALUE = "

case code of
Term (R_Val v) [] -> print v
Term R_DivZero [] -> putStr "Exception: division by zero"
_ -> error ("Unexpected value" ++ show code)

-------------------------------------------------------------------------------
-- Examples
-------------------------------------------------------------------------------

numE e = Term (S_Num e) []
varE e = Term (S_Var e) []
trueE = Term S_True []
falseE = Term S_False []
primE b e1 e2 = Term (S_Prim b) [e1,e2]
addE e1 e2 = primE O_Plus e1 e2
divE e1 e2 = primE O_Div e1 e2
lessE e1 e2 = primE O_LessThan e1 e2
ifE e1 e2 e3 = Term S_If [e1,e2,e3]
funE rt fn (pn,pt) b = Term (S_Fun rt fn (pn,pt)) [ b ]
appE e1 e2 = Term S_App [e1,e2]

t1 = addE (addE (numE 1) (numE 2)) (addE (numE 3) (numE 4))
t2 = addE (addE (numE 1) (numE 2)) (addE (divE (numE 1) (numE 0)) (numE 4))
t3 = appE (funE T_Int "f" ("x",T_Int) (appE (varE "f") (varE "x"))) (numE 0)
t4 = ifE trueE (numE 1) t3
t5 = funE T_Int "f" ("x",T_Int)

(ifE (primE O_Equal (varE "x") (numE 0))
(numE 1)
(primE O_Times (varE "x")

(appE (varE "f")
(primE O_Minus (varE "x") (numE 1)))))

t6 = appE t5 (numE 5) -- factorial of 5
t7 = funE T_Int "f" ("x",T_Int)

(ifE (primE O_Equal (varE "x") (numE 0))
(numE 1)
(primE O_Times
(appE (varE "f")

(primE O_Minus (varE "x") (numE 1))
(varE "x")))

t8 = appE t7 (numE 5) -- checking environment after popping stack

t9 = divE (numE 1) (numE 0)
t10 = lessE t9 (numE 0) -- a boolean DivZero
t11 = ifE t10 t5 t5 -- an int->int divZero

t12 = appE t11 (numE 0)

-------------------------------------------------------------------------------
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-- Printing
-------------------------------------------------------------------------------

showSepBy :: String -> [ShowS] -> ShowS
showSepBy _ [] = id
showSepBy _ [x] = x
showSepBy sep (x:xs) = x . showString sep . showSepBy sep xs

instance Text MLType where
showsPrec _ T_Int = showString "int"
showsPrec _ T_Bool = showString "bool"
showsPrec _ (T_Arrow t1 t2) = shows t1 . showString " -> " . shows t2
showsPrec _ t = error ("show: unexpected type " ++ show t)

instance Text MLOp where
showsPrec _ O_Plus = showString "+"
showsPrec _ O_Times = showString "*"
showsPrec _ O_Minus = showString "-"
showsPrec _ O_Div = showString "/"
showsPrec _ O_Equal = showString "=="
showsPrec _ O_LessThan = showString "<"
showsPrec _ op = error ("show: unexpected operator " ++ show op)

instance Text a => Text (MLTerm a) where
showsPrec _ (Term e []) = shows e
showsPrec _ (Term e es) =
shows e . showString "{" . showSepBy " , " (map shows es) . showString "}"

instance Text MLForm where
showsPrec _ (S_Num i) = shows i
showsPrec _ (S_Var v) = showString v
showsPrec _ (S_Prim bop) = shows bop
showsPrec _ S_True = showString "true"
showsPrec _ S_False = showString "false"
showsPrec _ S_If = showString "if"
showsPrec _ (S_Fun rt fn (pn,pt)) =
shows rt .
showString (" " ++ fn ++ " (" ++ pn) .
showString ":" .
shows pt .
showString ") "

showsPrec _ S_App = showString "@"
showsPrec _ (R_Val v) = shows v
showsPrec _ R_DivZero = showString "DivZero"
showsPrec _ c = error ("show: unexpected form " ++ show c)

instance Text MLValue where
showsPrec _ (V_Num i) = shows i
showsPrec _ V_True = showString "true"
showsPrec _ V_False = showString "false"
showsPrec _ (V_Closure exp env) = showString "<closure>"
showsPrec _ v = error ("show: unexpected value " ++ show v)

-------------------------------------------------------------------------------
-------------------------------------------------------------------------------
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