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1 Intr oduction

This notedescribeghe syntax,staticsemanticsanddynamicsemantic®f a smallfunctionallanguageand

thenprovestype safety The materialis basedon the early chaptersof RobertHarpers recentmanuscript
ProgrammingLanguajes: Theoryand Practice[1] but the dynamicsemanticshasbeenadaptedo be as

closeaspossibleto the style usedby the Jbook[2] for describingthe semanticof Java. The proof of type

safetyis more involved becauséhe semanticausessereral intermediatestructuredike ernvironmentsand

stackswhoseinvariantshave to be maintainedduring subjectreduction.

2 Syntax

The syntaxis givenby the following BNF. In the following n rangesover integerconstantsandbothz and
f rangeoveridentifiers:

Types t == int integer type
| bool booleantype
| tot functiontype
Opemtors o == +| —|*|/]| =] <
Expressions e = n integer constants
| =z variables
| ofe,e) primitive applications
| true | false booleanconstants
| if etheneelsee conditionalexpressions
| (funt f (tz) {e}) userdefinedrecussivefunctions
| e(e) functionapplications

Herearesomeexamplesof programsawith their intuitive semantics:

pp = 5 atrivial program

P2 = +(+(1,2),+(3,4)) anothettrivial program
p3 = +(+(1,2),+(/(1,0),4)) dividesby zero

ps = (funint f(int z){if = (z,0)thenlelsex(z, f(—(z,1)))}) factorial

ps = (funint f({nt z){f(z)})(0) infinite loop

pe = iftruethenlelse(funint f (i nt z) {f(z)})(0) evaluatedo 1

pr = +(true,1) typeerror

ps = (funint f(bool z){z}) anothetrtypeerror



if (x:t) el

TkFn:int T' I true : bool T' I false : bool 'taxz:t
I'kep:int I'key:int I'kep:int I'key:int
I' k= (e1,e2) : bool I'k< (e1,€e2) : bool

F"Gliint F|_€2:int
'k o(er,ez2) :int

if o is oneof {+, —, x, /}

Fl_€12b00| T'key:t F|_63:t
T'kif e; thene, elsees : ¢

Tx:ty, fity, ot Fe:t, T'kei:ita =t T'kes:ts
TF (funt, f (t; ) {e}) : tz — tr Phkei(e):t

Figurel: Typing Rules

3 Static Semantics

The staticsemanticdilters the setof syntacticallycorrectprogramso excludethoseprogramshatarenot
well-typedaccordingto therulesin Figurel. Theintention(which we formalizeandprove in Section5) is

thattheevaluationof awell-typedprogramwill beguaranteedotto encounten certainclassof errors.Note
thatawell-typedprogrammaystill encounteerrorsin anotherclass:non-terminatioranddivision by zeroin

our smalllanguageAlso notethata programthatfails to typecheclkaccordingo our rulesmaystill evaluate
without ary errors. (For exampleif true then 1 else + (2, false) doesnot typecheckbut would evaluate
to 1 if allowedto execute.)In summarythetyperulesarea staticapproximationof what constitutes'good
behaior.” Thefactthatsuchstaticapproximation€annever be exactmeanghatonecanalwaysdevelopa
moresophisticatedype systemthatacceptsa differentclassof programs.

Before gettingto the type rules, note that the syntaxforcesevery variabledeclarationto be associated
with atype: theformal parameteof afunctionmustbe givenatype,andthefunctiondeclaratioritself must
be givenareturntype. Intuitively speakinghe procesof type checkingis to make surethat every useof a
variableis consistentvith its declaration.To facilitatethis processyariabledeclarationandtheir typesare
collectedin atable(calledan ervironmentand denotedwith the letterI") which is propagatedy the type
rulesfollowing the usualscopingrules. Thejudgmentl F e : ¢ meansthat given the ervironmentl’, we
canprove thatexpressiore hastypet. Eachrule provesajudgmentfor a certainkind of expressiormaking
assumptionaboutthejudgmentdor the subexpressions.

Hereis anexamplederivationfor thefactorialexample:

z:int, f:int - int Fa:int @:int,f:int —int - 0:int o
@ :int,f:int — int k= (=, 0) : bool @:int, f:int - int F1:int
@:int,f:int —int Fif = (z,0)thenlelse* (z, f(—(z, 1))) :int
O F (funint f(int 2){if = (z,0)thenlelse * (z, f(—(=z,1)))}) :int —int

wherethedervationC is:

z:int,f:int - int Fa:int @:int,f:int - int F1:int

z:int, f:int —int k f:int — int z:int, f:int —int b —(z,1) :int

z:int,f:int - int Fz:int z:int,f:int —int b f(—(=z,1)) :int
@:int, f:int - int k x(z, f(—(=2,1))) :int




4 Dynamic Semantics

The dynamicsemanticdgs a function that mapsa syntacticallyvalid programto a value. The function is

partialsinceprogramsmaydiverge,causeerrorslik e division by zero,or getstuckif anonsensicabperation
suchasaddingl to true is attemptedatruntime.In the next sectionwe will be concernedvith the proofthat
well-typedprogramscannever getstuckduringevaluation.

To be closeto the ASM framework, the dynamicsemanticss specifiedusingan abstracimachine.The
machinehasthreecomponentsthe codebeingevaluatedthe ervironmentthatholdsthe valuesfor the free
variablesin the code,andthe stackof activation records. The evaluationproceedsn steps:at eachstep,a
subepressiorof theentireprogramis choserfor evaluation. Thesubepressionsf theprogramaregradually
replacedoy their valuesuntil the entireprogramreducego a valueor evaluationgetsstuck.

To specifythis evaluationformally, we first needto definethe setof valuesandthenextendthe syntaxof
expressiongo accommodatthefactthatsomesubexpressionsnaybereplacedy valuesor runtimeerrors.

Values v o= n integer values

| true | false booleanvalues

| (clogfunt f (t z) {e}),p) functionvalues(closues)

| DivZero error conditionfor divisionby zeo
ProperValues v* = n integer values

| true | false booleanvalues

| (clogfunt f (tz) {e}),p) functionvalues(closues)
Environments p = {1 =wv1,-,Tn =04}
RuntimeExpressions e := n integer constants

| =z variables

| ofe,e) primitive applications

| true | false booleanconstants

| if etheneelsee conditionalexpressions

|  (funt f(tz){e}) userdefinedrecursivefunctions

| e(e) functionapplications

| =n integer values

| true | false booleanvalues

| (clogfunt f (t z) {e}),p) functionvalues(closues)

| DivZero error conditionfor divisionby zeo

The procesof choosingone subexpressiorto evaluateis bestexplainedusingthe notion of evaluation
contexts definedbelow.

Evaluationcontexts E == [] emptycontext
| ofE,e) evaluateleft argumenffirst
|  o(v*, E) whendonewith left argumentgoto right
| if Etheneelsee needthevalueofthetest
|  Ee) left first
|  v*(E) thenright

It is easyto verify thatevery runtimeexpressiore hasa uniquedecompositiolinto anevaluationcontext
E anda subepressiorof interest. Thisis formalizedin thefollowing lemma.

Lemma 4.1 (Unique Decomposition) Everyruntimeexpressione is in one(andonly one)of thefollowing
forms:



e avaluev,
e anevaluationcontet E filled with:

. aninteger constantn,

. avariablez,

. abooleanconstantrue or false,

. afunctiondeclamtion (funt f (t z) {e}),

. aprimitive operationwhete thefirstargumenis an exceptiono(DivZerg e),

. anapplicationof a primitive opertionto twovalueso(v}, v2) whee thefirstvalueis guaranteed
to bea propervalue

. aconditionalexpressiorwith an evaluatedtestpositionif v then e; elsees,
. anapplicationwhele thefunctionpositionis an exceptionDivZerde),

9. an application of two valuesv; (v2) whee the function positionis guaranteedto be a proper
value
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Eachactwvation recordis of the form (E, p). In otherwords, when a function call occurswithin an
evaluationcontext E, we save the evaluationcontext on the stacktogethemwith the environmentneededor
its freevariables.

To evaluatea programe, the abstracmachineis putin theinitial state(e, @, []). A successfuévaluation
terminateswith a stateof the form (v, p, []) for somevaluev andervironmentp. The transitionsof the
machineare:

(v,p",(E,p) : 6) +— (E[v],p,K)
(E[nl,p,5) +— (Eln],p,r)
(Elz).p.k) +— (Elp(z)],p,r)if z € dom(p)
(B[true],p,k) — (E]true], p, v}
(Elfalse], p,k) +—— (El[false], p, k)

(E[(funt’ f (t ) {e})],p, k) +— (E[(clogfunt’ f (tz){e}),p)], p, k)
<E[+(ﬂ7@)]7pa H) — (E[nl +n2]ap7 K’)
(E[*(ﬂ7n_2)]7p7 ’i) — (E[nl *n2],p, ’i)
(E[_(ﬂ7n_2)]7p7 ’i) — (E[nl —nz],p, ﬁ)
(E[/(n1,n9)],p,5) +— (E[na/ns],p, k) if ng # 0

(E[/(n,0)], p,5) — (E[DivZerd, p, r)
(El= (n,n)],p,k) +— (E[truel, p, k)
(E[_ (nla_Z)]apa '9) — (E[ﬂalj]apa '9) if nq # n2
(E[< (nla 2)]3[’3 '9) — (E[trﬁ]apa E) if ny <ny
(E[< (n1,n2)],p, H) I (E[mﬁ]apa H) if n1 > no
(Elo(v, DivZero)],p,k) +— (E[DivZerd,p, k)
(Elo(Divzerge)l, p,k) +— (E[DivZerd, p, k)
(E[if true then e; elsees], p, k) —— (Ele1], p, k)
(E[if false thene; elsees], p, k) +— (E[es], p, k)
(E[if DivZerothene; elsees], p,k) +— (E[DivZerd, p, k)
(E[cl(v)],p,k) +— (e,p|x:=v,f =], (E,p):k)
wherecl = (clogfun t' f (t z) {e}), p')
andv # DivZero
(E[DivZerde)], p,k) +— (E[DivZerd,p,k)
(E[(clogfun ¢’ f (¢ z) {e}), p')(DivZerg], p,s) +— (E[DivZerd, p,x)



As asmallexample,we tracethe evaluationof the program:
(funint f(int z){if =(z,0)thenlelsex (z, f(—(z,1)))})(1)
which shouldcomputethefactorialof 1:

(funint f(int z) {if = (z,0)thenlelsex (z, f(—(z,1)))}(),0,[)
(clogfuni nt £ (i nt @) {if = (z,0) then 1 else x (z, £(—(z,1)))}), 0)(1), 0,
(clos

(
—
—  ({clos...,0)(1),0,[)
— (if = (x 0) then1else % (z, f(—(z,1))),{x =1, f = (clos...,0)}, ([,0) : [I)
— (if =(1,0)thenlelsex (z, f(—(z,1))),{z =1, f = (clos...,0)},([],0) : [I)
— (if =(1,0)thenlelsex (z, f(—(z,1))),{z =1, f = (clos...,0)},([],0) : [I)
— (if false then1 else x (w,f( (x,1))),{x =1, f = (clos...,0)}, ([l,0) : [I)
— (2, f(—(z, 1), {z=1,f= <CIOS S0 ([,0) -
— (x(L, f(—(z,1))),{z = 1,f=< os...,0)}, ([1,0) : 1)
— (x(L,(clos...,0)(—(z,1))),{z =1, f = (clos...,0)}, ([],0) : [I)
— (*(L <CIOS' ,@)(—(l, 1)))7 {'7" =1, f = <%S L) 0)}: ([],0) : [])
—  ((L,(clos...,0)(—(1,1))),{x =1, f = (clos...,0)}, ([,0) : [I)
—  (x(L,(clos...,0)(0),{x =1, f = (clos...,0)}, ([,0) : [I)
— (if =(z,0)thenlelsex(z, f(—(z,1)),{z=0,f=...}, :(L D) {z=1LF=...}):([,0):]])
— (if =(0,0)thenlelsex (z, f(—(z,1))),{x=0,f=...}, :@, D {z=1LF=...): ([,O): )
s (if =(0,0)thenlelsex (z, f(—(z,1))),{z=0,f=...},x(L, ), {z = Lf =..0:(,0):I)
— (if truethenlelse * (z, f(—(2,1))),{x =0,f =...}, *(L, (), {z =1, f = }) {,0): )
— (L{r=0,f=...},:@ D A{z=LFf=-...D:(,0): [
— L{r=0,f=...}, :@ D {z=Lf=...D:([,0): [
— (x(L,1),{z=1 f =...5L({,0):0)
— (L{r=1f=.. }([],0)=[])
— (L0,

5 TypeSafety

Type safetymeanghatif a programtypecheckghenits evaluationcannotget stuck. Thuswhatwe wish to
guaranteds thatthe evaluationof a programp of atypet canonly resultin oneof thefollowing cases:

e apropervaluev* of typet,
e anexceptionDivZerg or
¢ aninfinite loop.

To understandhe proof stratey, considerthe caseof a programp of typet evaluatingto a propervalue
v* in a million transitionsof our abstractmachine. To relatethe initial programandits type to the value
v*, it is naturalto proceedone machinetransitionat a time. If we can prove thateachmachinetransition
preseresthetypeof the expressionandthatwell-typedmachinestatesanalwaysmake progressaintil they
becomdinal statesthenwe canconcludeour mainresultby inductiononthe numberof machindransitions.
This is the gist of our proof technique. This basicideahasto be extendedhowever sinceevaluationuses
auxiliary structuregruntimevalues ervironments andstackframes)thataffectthe currentexpressiorbeing
evaluated Henceto guarante¢hatthe currentexpressiomremainswell-typed,we mustmaintaincertaintype
informationaboutruntime values,environmentsand stackframesand propagatehis information at every
transition.



5.1 Definitions

We begin by providing the definitionsfor thetyperulesof environmentsyuntimevaluesandstacks.

Definition 5.1 (Environmentsmatch) Atypingernvironmenf® matdhesa valueenvironmentp (writtenT" ~
p) if thedomainsof both ervironmentsare identical and for everyvariable z in that domain,we havethat
OF p(z) : T(x).

Definition 5.2 (Valuetyping) All valuesare closedand hencecan betypedin an emptytype ernvironment
but thetyperulesare valid in anyernvironmenf".

I'kn:int I' F true : bool I' I false : bool
F',m:tl,f:t1—>t2|—e:t2 FINpI
- for anyt
T - DivZero: t Tk (clodfunt, f (t, z) {e}),p') : t1 — ta

Note that when we type closureswe do not rely on the given signature but insteadrely on the available
runtimeinformation. To infer thata closureis of typet; — t,, we mustfind a typing ervironmentthat
matcheghe closures ervironmentandprove thatthe body hastheright type. Therule for exceptionssays
thatwe canassignary typeto DivZera

Definition 5.3 (Frame typing) We view ead stadk frameas a functionthat expectsa returnvaluecalled z
fromthe calleeandthendeliverits ownvalueto its caller.

T,z :t b E[x] : ta '~p
(E,p):tl —>t2

Notethatthe namez cannotoccurin I'. Thisis not a problembecauseve canrenamevariablesf thereis a
clash.

Definition 5.4 (Stack Typing) The sta is just a sequencef frameswhere eat frameexpectsa return
valuefromtheframeafterit andpassest to the framebefor it. Theentire stak canthusbe seenastaking
areturnvaluefromthe currentexpressionand producingthefinal answer:
(E,p):t1 >t K:it—ts

(E,p):K):t1 > to

[]tit for anyt
: —

Thefinal answercanbe of ary type,which explainsthetyping we give to the bottomof the stack.

5.2 Little Lemmas

Beforegettinginto the main proof of type safety we provide without proof someusefulauxiliary lemmas.
Lemmab.1(Replacement)If eisnotavalue T + Efe] : ¢, T Fe: t',andl - €' : ¢/, thenT + E[e'] : .

This basicallysaysthatif we cantypecheckan expressionlike E[5] thenwe cancertainlyalsotypecheck
E[6] since5 and6 have the sametype. The lemmafails if we do not restricte to be a non-value. As a
countergamplein thatcasetake e = DivZera

Lemma5.2 (Substitution) If z is notfreein E, T',z : t - E[z] : t' andT F e : ¢, thenT - Efe] : t'.
Corverselyif '+ Efe] : t/,T'Fe: t, thenl',z : t - E[z] : ¢'.



This is almostthe sameasthe previouslemma. It saysthatif we cantypecheckE[z] underthe assumption
thatz is ani nt , thenwe cancertainlytypecheckE[5] wherewe have replacedz by somethingpf the same
type,andvice versa.

Lemma 5.3 (EnvironmentExtension) If I' e : t andI” D T, thenI" e : ¢.

This lemmasaysthataddingmore*“junk” variablesto the ervironmentdoesnt affect typing. Soif we can
provethat@ F 5 : i nt thenwe canalsoprovethat{xz : bool } F5:int.

Lemmab.4(Subtermtyping) If '+ Ele] : t thenT' ke : ¢/

In otherwords,if we typeaterm,thenall its subtermsnusthave types.Theervironmentdoesnot changen
the statemensincethe evaluationcontext £ doesnotbind ary variables.

Lemma5.5(InversionLemma)

IfTFn:t thent =int.

If T - true : ¢, thent = bool .

If I I false : ¢, thent = bool .

IfTF x:t thenl(z) =t.

If T F o(e1,e2) : t wher o isoneof {=, <}, thent = bool andT'te; :int andl'F ey :int.
If T F o(e1,e2) : t wheeoisoneof {+, —,x,/},thent =int andT'Fe; :int andT'F ey :i nt.
IfI"'Fife; theney elsees : t,thenl' - e; : bool andT' F ey : tandIl' - ej : ¢.

fTF (funt, f (t, z) {e}) : t,thent =t, —» t,andT,z : t,, f : t, = t. Fe:t,.

If T F e1(e2) : ¢, thenthere existsa t, sudthatT F ey : to — tandl' | e : to.

IfI'Fn:t thent =int.

If T | true : ¢, thent = bool .

If T I false : ¢, thent = bool .

If T+ (clogfunt, f (t, =) {e}), p') : t, thenther existT" ~ p' andt; andt, sudthatt =t; — ¢
andl,z : ty, f : t; = ta Fe:ta.

Lemma 5.6 (Canonical Forms Lemma) Suppos¢hat F v : ¢

If t =i nt,thenv = n for somen or v = DivZera

If t = bool , thenv = true or v = false or v = DivZera

If t = t1 — t2, thenv = (clogfunt, f (t, x) {e}), p) for somet,, £, t,, z, e,andp, or v = DivZera

In otherwords,thetypeof avaluepredictsits form.



5.3 Main Lemma and Theorem

Themostinterestinghing hereis the statemenbf the Lemma5b.8which preciselydescribesvhatconstitutes
a‘“goodstate’. GivenLemmab.8,theactualproof of type safety(Theorenb.7)is ratherstraightforvard.

Theorem5.7 (Type Safety) If 0 F e : t; and:

(€,0,1) —" (v, p, )

thenv is of typet . (Notethatour definitionof valuesincludesthe DivZeroexceptionwhich haseverytype)

Proof. We proceedby inductionon the numberof transitionsusingLemma5.8. Theiinitial state(e, @, [])
satisfieghe premiseof the Lemma5.8 with I' beingemptyandt = t;. Thelemmaensuresisthatwe can
malke progresdy repeatedlypdatingthe state. Whenwe reachthefinal statethenthelastapplicationof the
lemmaensureshatthereis aI” suchthatI” - v : t'. But sincethestackis emptyt’ mustbethesameast;.

Lemma 5.8 (Progressand Subject ReductionLemma) If
e I'tFe:t,
e I' ~p,and
e k:t—ty,

theneitherthestate(e, p, ) is a final stateor it canbeupdatedo (¢', p’, k') where there existI" andt' suc
that:

e I"kFe: ¢,
eI~ p' and
o k't >ty
Proof. By caseanalysison e usingthe uniquedecompositiolemmac

e Casee isavaluev. WearegivenI' - v : t,T ~ p, andk : t — ty. If k is emptythenwe have a
final stateandwe aredone.Elsewe have k = (E1, p1) : k1 andthestate(v, p, (E1, p1) : k1) canbe
updatedo (F [v], p1, k1). Becausave know thatx : ¢ — ¢y, we know thatthereexistsat' suchthat
(Ei,p1) : t = t' andky : t' — ty. Becaus€Ey, p1) : t — t', theremustexistaI'; suchthatl'y ~ pg
andwherel'y, z : t F Eq[z] : t'. Theresultthenfollows easilyusingthe substitutionlemmasincew
hastypet in ary ervironment.

e Casee is E[n]. WearegivenI' - E[n] : ¢, ~ p, andk : ¢ — t;. By anapplicationof the subterm
typing lemmafollowed by anapplicationof theinversionlemmal +- n : i nt . Thestate(E[n], p, &)
canbeupdatedo (E[n], p, ). Sincel’ F n : i nt, we canconcludeby the replacementemmathat
Tt Eln]:t.

e Casee is E[true] or E[false]. Thesecasesrealmostidenticalto thepreviouscase.

e Caseeis E[z]. WearegivenT' - E[z] : t,I" ~ p, andk : t — t¢. By the subtermtypinglemmaand
theinversionlemmajthevariablez mustbein thedomainof . Lett, = I'(z) thenwehavel \- z : .
Becaus&™ ~ p, thevariablez mustalsobein thedomainof p. This meanghatit is possibleto update
thestate(E[z], p, k) to (E[p(x)], p, k). Sincel’ ~ p, we know that( F p(x) : ¢,. By theenvironment
extensionlemmal F p(z) : ¢, andby thereplacementemmal + E[p(x)] : t.



e Caseeis E[(fun t, f (t; ) {b})]. Weknow thatT' - E[(fun ¢, f (t; =) {b})] : t, T ~ p, andk :
t — ty. By thesubtermtyping lemmaandtheinversionlemma,l - (fun ¢, f (¢, x) {b}) : tz — ¢,.
Hencel,z : t,,f : t, — t» F b : t,.. Thestate(E[(fun t, f (t» =) {b})], p, &) canbe updatedo
(E[{clodfun t, f (t, z) {b}), p)], p, k). We needto shaw thatT' + E[{clogfun ¢, f (t, =) {b}),p)] :
t. Giventhatl', z : t,, f : t; — t. F e : t, andthatl’ ~ p it followsfrom thedefinitionof valuetyping
that® - (clogfun t, f (t, z) {b}),p) : t. — t.. Theresultfollows usingthe ervironmentextension
lemmaandthenthereplacemeniemma.

e Casee = E[o(DivZerg e, )]. Thestatecanbeupdatedo (E[DivZerd, p, k) andtheresultfollows.

e Casee = Efo(v},v2)]. Weonly considetthe caseof division; theothercasesresimilarandsomevhat
simplersincethey do not themselesraiseexceptions. We aregivenT' + E[/(vf,v2)] : t. By the
subtermtyping lemmaand the inversionlemma,we getT" + /(vf,v2) : i nt. This implies that
T'Fof:int andl - vy : i nt. By thecanonicaformslemma,thevaluev,; mustbeanintegervalue
andws, is eitheranintegervalueor anexception.We proceedy cases:

— vy = ng, v2 = ny # 0. Thestate(E[/(eq, e2)], p, k) canbeupdatedo (E[n; /ns], p, k). The
resultfollows easily

— v; =ny, vy = 00rvy = DivZera Thestate(E[/(e1, e2)], p, &) canbeupdated Theresultstate
is (E[DivZerd, p, k) andtheresultalsofollows easilysinceDivZerocanhave ary typeincluding
int.

e Casee = EJif v thene; elsees]. Following thepreviouscaseswe first concludethaty hastypebool
andusingthe canonicalformslemma,considerthe threepossiblevaluesof this type: true, false, or
DivZera Theresultfollowsfor eachcase.

e Casee = E[DivZerde)]. Easy

e Case: = E[v;(v2)]. Followingthepreviouscaseswefirstshavthatl' F v} : o — ¢ andl F vs : to.
If vo is anexception,we aredoneasbefore.Otherwisethecanonicaformslemmaensureshatv; isa
closureof theform {clogfun t, f (t, =) {e.}), p.). Becausave know this closurehastypet, — t1,
we concludethatthereexistsal', ~ p. suchthatT'.,z : ta, f : t2 — t1 F e, : t1. Thestatecanbe
updatedo (e., pc[z := va, f := v1], (E, p) : k) andit suficesto provethatl'.,z : to, f : ta — ta ~
pelz == va, f := v1] andthat ((E, p) : k) : t1 — t;. Thefirst statemenis immediate.To prove the
secondve needto shov that(E, p) : t; — t whichwe canproveif weknow thatT', z : ¢; F E[z] : t.
Thisfollows from the substitutioemma.
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A AsmGofer Implementation

{--

File: mnM.gs

A smal |l typed functional |anguage and its formalization in AsnGofer...

by Anr Sabry (based on Ch. 3-5 of Programm ng Languages: Theory and
Practice, Robert Harper, Draft of Dec. 2000 and using the style
devel oped for the JBook)

-- Annotated abstract syntax trees:

-- *initially the AST has no types and only uses syntactic constructors

-- * after typechecking the nodes are decorated with types

--  * during evaluation syntactic constructors are replaced by senmantic val ues

data M_.Type = T_Int | T_Bool | T_Arrow M. Type M.Type
i nstance Asniferm MLType

data MLOp = OPlus | OTines | OMnus | OD v | OFEqual | O.LessThan
i nstance Asnifer m ML.Op

data M.Terma = Terma [ M.Term a]
i nstance Asniferm a => AsnTerm (M.Term a)

- Runtine values or errors

data M.Form = --a
-- Syntactic formns
S Num I nt -- 11
| S Var String -- 11
| S_PrimMQOp -- [M.Terma, M.Term a]
| S True -- 11
| S_Fal se -- [1
| S_If -- [M.Terma, M.Terma, MTerm aj
| S Fun M.Type String (String, M. Type) -- [M.Term a]
| S_App -- [M.Terma, M.Term a]
|

R Val M.Val ue -- 11
| R_DivZero -- 11
instance Asmlferm M_Form

type MLExp = M_.Term M_Form
type TypedM_.Exp = M.Term ( M_LForm M_Type)

data M.Value = V_.NumInt | V_True | V_False | V_C osure MExp VEnv
i nstance Asniferm M.-Val ue

type VEnv = [(String, MVal ue)]

-- Static semantics:
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-- * typechecki ng takes an AST and returns another AST with all the types
-- or aborts if there is an error

type TEnv = [(String, MType)]

tlookup :: String -> TEnv -> M.Type
tlookup v [] = error ("Typechecking: unbound variable " ++ v)
tlookup v ((s,t):r) =if v ==s thent else tlookup v r

typeOf :: TypedM.Exp -> M.Type
typeOf (Term(_,t) ) =1t

typecheck :: M.Exp -> TEnv -> TypedM.Exp
typecheck exp tenv =
case exp of

Term (S_Numi) [] -> Term (S_Numi, T_Int) []
Term (S _Var v) [] -> Term (S_Var v, tlookup v tenv) []

Term (S Primb) [el,e2] | b == O Equal || b == O_LessThan ->
let el’ typecheck el tenv
e2’ typecheck e2 tenv
rt = case (typed el’, typed™ e2') of
(T_Int,T_Int) -> T_Bool
(t1,t2) ->
error ("Typechecking: operator <"
++ show b ++ "> requires operands of type int; found <"
++ show tl ++ "> and <" ++ show t2 ++ ">")
in Term (S _Primb, rt) [el,e2']

Term (S _Primb) [el,e2] | b == OPlus || b == OMnus ||
b==0Times || b==0DvVv->

|l et el’ = typecheck el tenv
e2’ = typecheck e2 tenv
rt = case (typed el’, typed™ e2') of

(T_Int,T_Int) -> T_Int
(t1,t2) ->
error ("Typechecking: operator <"
++ show b ++ "> requires operands of type int; found <"
++ show t1l ++ "> and <" ++ show t2 ++ ">")
in Term (S _Primb, rt) [el,e2']

Term S True [] -> Term (S_True, T_Bool) []
Term S False [] -> Term (S_False, T_Bool) []

Term S If [el,e2,e3] ->

|l et el’ = typecheck el tenv
e2’ = typecheck e2 tenv
e3’ = typecheck e3 tenv

rt =if typeO* el’ == T_Bool && typedX e2' == typeOF e3’
then typeO™f e2’
el se error ("Typechecking: if requires a boolean and "
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++ "two expressions of the sane type; found <"
++ show (typeOF el’) ++ ">, <"
++ show (typeOF e2') ++ "> and <"
++ show (typeOF e3') ++ ">")
in Term (S_If,rt) [el ,e2 ,e3]

Term (S _Fun rt fn (pn,pt)) [e] ->
let tenv' = (fn, T_Arrowpt rt) : (pn, pt) : tenv
e’ = typecheck e tenv’
ct =if typeO™ e ==rt
then T_Arrow pt rt
el se error ("Typechecking: declared return type <" ++ show rt
++ "> does not agree with actual return type <"
++ show (typeOf e') ++ ">")
in Term (S _Fun rt fn (pn,pt), ct) [e']

Term S _App [el,e2] ->
|l et el’ = typecheck el tenv
e2’ = typecheck e2 tenv
ct = case (typeO™ el , typeO™X e2') of
(T_Arrowt2 t, t2') | t2 ==1t2" ->1t
(t1,t2) ->
error ("Typechecking: attenpting to apply a "
++ "function of type <"
++ show tl ++ "> to an argunment of type <"
++ show t2 ++ ">")
in Term (S_App,ct) [el ,e2"]

exp -> error ("Typecheck: unexpected expression " ++ show exp)

type Pos = [Int]

up :: Pos -> Pos
up [1 =] -- NOT an error (used to return fromtop |evel evaluation)
up ds = init ds

firstPos :: Pos

firstPos =[]

down :: (Pos,Int) -> Pos
down (ds,d) = ds ++ [d]

-- During evaluation we replace syntactic constructors by dynam c val ues or
-- runtime errors
subst MLExp :: (MExp, MExp, Pos) -> MExp
subst MLExp (e, (Term _ ), []) = e
subst MLExp (e, (Terma ts), p:ps) =
let (Its,rt:rts) =splitAt pts
in Terma (Its ++ [ subst MExp(e,rt,ps) ] ++ rts)
subst MLExp (el, e2, p) =
error ("subst MLExp: unexpected argunents "
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++ show el ++ ", "
++ show e2 ++ ", and "
++ show p)

-- context takes an expression and a position and returns

-- the subexpression at the position

context :: (MExp, Pos) -> MExp

context (e, []) = e

context (Term _ es, i:is) = context (es!!i, is)

context (e,p) = error ("context: unexpected expression and position
++ show e ++ " and "

++ show p)
-- ASM st ates
code :: Dynamic M.Exp
code = initVal "code" asnDefault
pos :: Dynam c Pos
pos = initVal "pos" firstPos
env :: Dynam c VEnv
env = initval "env" []

type SFrane = (M.Exp, Pos, VEnv)

stack :: Dynam c [ SFrane]
stack = initVval "stack" []

initialize :: M.Exp -> 10 ()
initialize e =

firel (do code := e
pos := firstPos
env =[]
stack :=1[1])

-- Eval uation:

-- * proceeds by finding a position where we can eval uate

-- * performs the eval uation

-- * replaces the constructor at the position with the val ue

vl ookup :: String -> VEnv -> M.\Val ue
vlookup v [] = error ("vlookup: unexpected unbound variable" ++ v)
vl ookup v ((s,va):r) =if v == s then va el se vlookup v r

execM. :: Rule ()
execM. =
case context (code, pos) of

Term (S_Numi) [] ->yield (Term (R Val (V_Numi)) [])

13



Term (S _Var v) [] ->if v ‘elem map fst env
then yield (Term (R_Val (vlookup v env)) [])
el se skip

Term (S _Primop) [Term (R Val v1) [], Term (R Val v2) []] ->
if op==0ODvVvV & v2 == V_.NumO
then yield (Term R _DivZero [])
else yield (Term (applyQp op vl v2) [])

Term (S Primop) [Term (R Val v1) [], TermR D vZero []] ->
yield (Term R DivZero [])

Term (S_Primop) [Term (R _Val vl1) [], e2] -> pos := down (pos, 1)
Term (S_Primop) [TermR DivZero [], e2] -> yield (TermR.DivZero [])
Term (S_Primop) [el,e2] -> pos := down (pos,0)
Term S True [] ->yield (Term (R_Val V_True) [])
Term S False [] -> vyield (Term (R Val V_False) [])
Term (S _If) [TermR DivZero [], e2, e3] ->yield (TermR D vZero [])
Term (S_If) [Term (R Val v1) [], e2, e3] ->
case vl of

V_True -> yield e2

V_False -> yield e3

_ ->skip
Term (S_If) [el,e2,e3] -> pos := down (pos,D0)

Term (S_Fun rt fn (pn,pt)) [e] ->
yield (Term (R Val (V_Cosure (Term (S Fun rt fn (pn,pt)) [e]) env)) [])

Term S App [Term (R _Val v1) [], TermR D vZero []] ->
yield (Term R DivZero [])

Term S App [Term (R _Val v1) [], Term (R_Val v2) []] ->
case vl of
V_ Closure (Term (S Fun rt fn (pn,pt)) [e]) lenv ->

do stack := (code, pos, env) : stack
code := e
pos : = firstPos
env := (pn,v2) : (fn,vl) : lenv

_ ->skip
Term S _App [Term R DivZero [], e2] -> yield (TermR D vZero [])
Term S App [Term (R _Val v) [], e2] -> pos := down (pos, 1)
Term S_App [el, e2] -> pos := down (pos,O0)

Term (R Val v) ts ->
case stack of
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[T -> skip
(cl,pl,el):s1 -> do code := subst M.Exp (Term (R Val v) ts, c1, pl)

pos := up pl
env := el
stack := sl
Term R DivZero [] ->
case stack of
[1 -> skip
(cl,pl,el) : sl -> do code := subst MExp (Term R DivZero [], cl, pl)
pos := up pl
env := el
stack := sl

e -> error ("execM.: unexpected expression " ++ show e)

yield :: MExp -> Rule ()
yield result = do
code : = subst M.Exp (result , code , pos)

pos := up pos

-- Eval uation

eval :: MExp -> 10 ()

eval e = do put Str "--------oo oo \ nTypechecking..."
put Str "\ nExpression:
print e

putStr "has type:

print (typedX (typecheck e []))

PUL St M mmmm e m e e \ nEval uating...\n"
initialize e

fixpoint (trace printState execM)

printVal ue

applyOp :: M.Op -> MValue -> MVal ue -> M.Form
applyOp OPlus (V_.Numil) (V_.Numi2) = R Val (V_Num (il1l+i2))
applyOp OTines (V_.Numil) (V_.Numi2) = R Val (V_Num (i1*i2))
applyOp OMnus (V_Numil) (V_.Numi2) = R Val (V_Num (i1l-i2))
applyOp ODiv (V_.Numil) (V.Numi2) = R Val (V_Num (il/i2))
applyOp O Equal (V_Numil) (V_Numi?2) =

R Val (if il ==1i2 then V_True else V_Fal se)
applyOp O LessThan (V_Numil) (V_Numi?2) =

R Val (if il <i2 then V_True else V_Fal se)
applyOp op vl v2 =

error ("appl yOp: unexpected operator and val ues"

++ show op ++ ", " ++ show vl ++ ", and " ++ show v2)

printState :: 10 ()

printState = do putStr "<code ="
print code
putStr ", pos
print pos
putStr ",env ="
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print env

putStr ",stack size ="

print (length stack)

put Str ">\n-----------ooooooooon \n"

printValue :: 10 ()
printValue = do putStr "VALUE = "
case code of
Term (R _Val v) [] ->print v
Term R DivZero [] -> putStr "Exception: division by zero"
_ ->error ("Unexpected value" ++ show code)

nunkE e Term (S_Nume) []

varE e Term (S_Var e) []

trueE = Term S_True []

falseE = Term S_Fal se []

prinE b el e2 = Term (S _Primb) [el, e2]
addE el e2 = prinkE O Plus el e2

divE el €2 = prinE ODiv el e2

|l ess el e2 = prinE O LessThan el e2
ifE el e2 e3 = TermS_If [el, e2, e3]
funErt fn (pn,pt) b = Term (S _Fun rt fn (pn,pt)) [ b ]
appE el e2 = Term S_App [el, e2]

t1 = addE (addE (nunkE 1) (nunkE 2)) (addE (nunkE 3) (nunkE 4))
t2 = addE (addE (nunkE 1) (nunkE 2)) (addE (di vE (nunkE 1) (nunE 0)) (nunkE 4))
t3 = appE (funkE T_Int "f" ("x",T_Int) (appE (varE "f") (varE "x"))) (nuntE 0)
t4 = ifE trueE (nunkE 1) t3
t5 = funE T_Int "f" ("x",T_Int)
(ifE (prinmE O_Equal (varE "x") (nunk 0))
(nunkE 1)
(prinE O Tinmes (varE "x")
(appE (varE "f")
(prinmE O Mnus (varE "x") (nunkE 1)))))
t6 = appE t5 (nunE 5) -- factorial of 5
t7 = funE T_Int "f" ("x",T_Int)

(ifE (prinmE O_Equal (varE "x") (nunkE 0))
(nunkE 1)
(prinE O_Tinmes
(appE (varE "f")
(prinmE O Mnus (varE "x") (nunkE 1))
(varE "x")))
t8 = appE t7 (nunE 5) -- checking environnment after popping stack

t9 = di vE (nunkE 1) (nunkE 0)

t10 = lesse t9 (nunkE 0) -- a boolean DivZero
t1l = ifEt10 t5t5 -- an int->int divZero
t12 = appE t11 (nunkE 0)

16



-- Printing

showSepBy :: String -> [ShowS] -> ShowS

showSepBy _ [] id

showSepBy _ [ x] X

showSepBy sep (x:XS) X . showString sep . showSepBy sep xs

instance Text M.Type where
showsPrec _ T_Int = showString "int"
showsPrec _ T_Bool = showString "bool"
showsPrec _ (T_Arrowtl t2) = shows t1 . showString " -> " . shows t2
showsPrec _ t = error ("show unexpected type " ++ show t)

instance Text M.Qp where
showsPr ec O Plus = showstring "+"
showsPr ec O Tinmes = showString "*"
showsPr ec O M nus = showString "-"
showsPr ec ODv = showstring "/"
showsPr ec O Equal = showString "=="
showsPr ec O LessThan = showString "<"
showsPr ec p = error ("show unexpected operator

@]

++ show op)

instance Text a => Text (M.Terma) where

showsPrec _ (Terme []) = shows e
showsPrec _ (Terme es) =
shows e . showString "{" . showSepBy " , " (map shows es) . showString "}"

i nstance Text M.Form where
showsPr ec (S_Numi) = shows i
showsPr ec (S_Var v) = showsString v
showsPr ec (S_Primbop) = shows bop
showsPr ec S True = showString "true"
showsPr ec S Fal se = showString "fal se
showsPrec _ S If = showString "if"
showsPrec _ (S Fun rt fn (pn,pt)) =
shows rt
showString (" " ++ fn ++ " (" ++ pn)
showString ":"
shows pt
showString ") "
showsPrec _ S App = showString "@
showsPrec _ (R Val v) = shows v
showsPrec _ R DivZero = showString "Di vZero"
showsPrec _ ¢ = error ("show unexpected form" ++ show c)

i nstance Text MVal ue where
showsPrec _ (V_Numi) = shows i
showsPrec _ V_True = showString "true"
showsPrec _ V_Fal se = showString "fal se”
showsPrec _ (V_Closure exp env) = showString "<cl osure>"
showsPr ec v = error ("show unexpected value " ++ show v)
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