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The purpose of this work is to inves-
tigate distributive latiices which are
chain based of order n and subresiduated
with respect to certaln sublattices con-
taining thelr centers.

The pariicular ideas presented here
arz hew. ''me general ideas first
appeared arvound 1970 in the work of G.
Rousscau, and later in the works of G.
Epstein and £. Horn.

Tritroduction and Background

As Booclean algebra is the algebra
for 2-valued switching theory, so are
the P, algebras (i=0,1,2, or 3) the

corresponding algebras for mulitiple-
valued switehing theory. The first
formulation of P3-algobras was by I.C.

Rosenbloon in 19&2.1 It was more com-
plicated than the formulation of P3ﬂ
algebras given Just below. The first
formulation of Pﬂ—algebras was by

T. Traczyk in 1963.2 The first formu-
lating, of Pl and P2-algcbras was by G.

Epsziein and A. Horn in 197ﬂ.3 The class
of P3nalgcbras of order 2 1s precisely
lﬁcsenbloom, P.C. "Post algebras I.
Postulates and general theory", Amer. J.
Math. 64 (1942) pp.167-188.

2Traczyk, T, "Axioms and some proveriies
of Post algebras", Coll. Math. 10 (1963)
pp.193-209.

3Epstein, G. and Horn, A. "Chain based
lattices" Pac. Jour. Math. 55 (1974)
pp.65- 84,
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the class of Boolean algebras, and coin-
nections of Pi—algebrad with muliiplie-

valued switching theory may bgs cbtainsd
through appropriate gor aljizaticns of
known results for Bool algebras and
2-valued switching thet
Let A be a distributive fatiice with
least element 0, greatost clene: 1, and
center of complemented ¢le: The
complement of x in B is dentted by

- . . d
The dual of A is denoted by A%, For any
two elements x, y in A, xvy 3¢
the operation join, xay or &
operation meet. A finite s
< ooen L, W& =
08 g, % Oy Bpmy, ™ o

chain base of A if A is gengrated by
B u {eo,...,en_l}. If A hag a chain base

then A i1s called a Po—algehfa. The order

of A 1s the smallest number|of elemsnts
in a chain base of A. fThe [argest z in
A (if = exlsis) such that zi<y is de-

noted by x»y or by x = y. The lattice

is called an Heyting algebrid if x°y sxists
for all x, ¥y in A. When x»0Fx exists, it
is called the pscudo-complenent of n. Aa
element x is c¢alled dense an x+0 = 0.
The lattice A 1g called psefpdo-conple-
mented if x+0 exists for all x in A, IT
<l eo,...,e l> is a Pohajgubra ang if

=

e-=+¢, exigts for ail 1,j, tHen A is &

l J
Heyting algebra satisfying the identity
(x>y)v(y=x) = 1. Moreover, there exists
a unique strictly increasing Heyting chaia
base 0 = fG <"'<fm-l = 1 such that

et B A% : i»*0., In this case
f1+1 fl fl or all > this case
<A fO""’fm—l> is calied
Let !x be the greatest b 1INk such that
b = x. A P,-algebra 1= a P§

P,~algebra.

=
<A; Canecvs@ 1> suclhi tnat Sy
all 1. A is o P,-alpebra of

|.

order n if

and only if i4 is & direct pgroduct of

Post algebras of maximum order n. The

clasys of P,-nlgebras ci orddr <n can be
=

characterizee as an equatiodal class of



alpgebras< A3V, A, 7, 00"..,Cn“1>. A P3H
Algebra is a Pgnalgcbr.c Aj 3€gs e esCy 17
such that 'e , = 0. The order of a Py~

algebra A is one more than the number of
prime ideals 1n a chain of prime ideals
of maximum lengith. The class of all Pl

algebras can be characterized by simple

properties of the set of thelr prime

ideals; the class of all P?—algebras can

also be so characterized [5, Section TJ.

When a lattilce of multiple-valued
switching functicus i1s defined over a
finite set of varlables and contains a
finite number of elements, it is of in-
terest to note the 7 :llowing: (1) Every
P,.-a2lgebra with a finite number of ele-

0
ments 1s a Pz—algebra; (2) Every P2—

algebra with a finite number of elements
is a direct product of chains of Tinite
length; (3) Every P3—algebra with a fi-

nlte number of elements is a direct pro-
duct of ehains of finite and equal length
(31, [5, Theorem 4.11].

In this development the central role
of B, the complemented elements of A, 1is
quite ¢clear. The arrow connective

x B vy stands for the greatest comple-
mented element bin B satlisfying xabsy,
and 1ls related to the strict inQJLGation
of C.I. Lewis or Casimir Lewy as des-
eribed by G.Epstein and A. Horn in 1976.°

In the general case, X 8 y stands for the
greatesi element ¢ Iin @ satlsfylng Xaqsy,
where Q is a sublattice of A contalining

0,1. The lattice A is said to be sub-

residuated with respect to Q if x Q y
exists for each X,y in A, When Q=A, A is
commonly called an.Heyting algebra.
Consider a propositional calculus R
with symbols AND,OR » and ~ for conjunc-
tion, dl‘gunct¢0q, “implication and nega-
tion, and possibly with a symbol [ Tor
alffirmation or necessitation. By assign-
ing to the propositional variables values
in a subresiduated lattice, a valuation
via) is obtained Tor cash formmula o by
AND via) & v(B),
V(Cf. CE{_ D) =
vi~cg) = vig)»0 and v(Ou) = l>via) -
A formula o in R is said to be valid
in & if v(a) = 1 for every assipnment In
A. A logic is sald to be characterized

1:]_:1p=*t,(,J.r1, G. and Horn, A., "Logics which
are characterized by subresiduated lat-
tices," Zeitschr. f. math. Loglk und
Grundlagen d. Math., 22 (1976) pp-199-
210.

by a eclass K of subresiduated lattlces
if it consists of those formulas which
are valid in every member of K.

This framework provides 1 unified
method of eclassifying several known cal-
cull and leads naturally to new calcull
which are of some algebraic and philoso-
phic interest. For exsmple, 1t is well
known that the iIntultionist propositional
calculus is characterized by the class
of all Heyting algebras. In the techni-
cal description below the mijor concern
will be with Q an extensionl of the center
B, satislying BeQchA, where L will be sub-
resjiduated with respect to ¥ and genera-
ted by Q U{OO, ..,en_l}, with the cH for-

ming a Heyti+z ~haln base. |This will be
a proper exuvension of Pl—la:ticcs into

distributive lattices of opder n . The
corresponding propositional calculus will
be between R4 and R5 (that is, between
the Lewy versions of the Lewis systems

S and S5) [6, Scetions 2 and 3].

Technical Descriplion

Consider distributivc lattices with
chain 0 = e0<el<..men 5% q 5 1 such
that for each e = is t_e least dense

T S
element in the interval Lej, 17 1In

other words, €341 is the least d satis-

fying e.xd=zl and day = C for

no y>0. If
such a ﬁatt1rg is a Heyting| algeb

ra, then

this chain is called a U“VL’“ﬁ chain
with, for each 1, €: 41785 i
ey7e; 1= 1. A lattice is shid to be of

order n if 1t contains such a chain hav-
ing exactly n terms. ﬂhﬂso notions are
abstracted from Section 3 of [5].

1t is mentioned here that there is an
alternate definition of latbices of order
n which has been consldered--viz., as
lattices In which the maximrl length of
a chalin of properly ascending prime
ideals in n-1. See for examnle [5, Sec—
tion 7] or [2]. However such an aDPPOdCh
does not in general guarantee the exias-
tence of elements e, [1,3,58. In parti-

cular, a prime Ldﬁdl characterization
for the Poﬂ]atticcs, which Wwere first in-

troduced by T. Traczyk in [©], is still
unknown [5, pp.83-8471. It is these com-
plexities which motivate the approach
given in the previous varagraph.

Let A be & latticve of order n where

n-1

\ c.c.,
i=1 |

5 a fixed sublattice

ing 0, 1. The lattice A is said to be
chain based with respect ta C. The nota-
tion used here is also in Section 1 of

for each x in A, x = where each

¢, in C, of A contain-



{5]1. The case where C is the center ol
complemented elements of A i1s defined in
Section 2 of [5], with the remainder of
that paper devoted to consequent develop-
ments for this case (viz., to the P,-
lattices, i = 0,1,2,3, where here P3~

lattices

73-741).
A basic question concerns the nature

of ¢ for arbitrary A. To illustrate,

while the lattice Al: 1lg

stand for Post algebras [5, pp.

{0,b,5,1}, which 1s clear-~
ly sufficient for Al to be chaln based
the lattice A L

has center Cl

with respect to Cl’

2!

has center C, = {0,1}, and this is clear-

ly insufficient for A2 to be chain based
o While it is further-

more clear that any lattice A 1s tri-
vially chain based with respect to 1t-
self, it is evident from the last example
that a lattice A may be chain based wlth
respect to a proper sublattice of A. For
the lattice A2 is chain based with res-

pect to the proper sublattice
{O,b,c,ea,l}, This is immediate from the
fact that Al is chain based with respect
to Cl.

Accordingly, the notion of a lattice
center will be extended to that of a

lattice exocenter.® This will be accom-
plished as follows.

with respect to C

Let b in A, ¢ in A satisfy the U
conditions:
(1) ¢ is the greatest element x in A

such that bxsc
(ii) ¢ 1s the least element x in A
such that bvxzzc
(iii) b is the greatest clement
x in A such that cxs=b
(iv) b is the least element x in A
such that cvxzb.
These conditions are satisfied by any com-
plemented pair b,b of the center of A, as
illustrated in Al, but also by the pair

*Note that the exocenter of A specifies

key structural elements of A which vis-

ually look like corner points of certain
hyperparallelepipeds of A. 3ce for ex-

ample the rectangle Obezc in Ag.

b,e i1llustrated in AE' This may be re-

garded as a generalization ol the noticn
of a complemented pair. This prepares for
the definition of the e¢xocenjer of a dis-
tributive lattice A as belng the ggggggl
tice of A genvruted by all peirs )
deJ TVIEL_LI}, CET s C B &

particular, the exocenter of Al Tis ¢, and

the exocenter of A, is {D.bfEsegulls By

definlition, the exocenter of|A always con-
tains the center of A. When A is a double
Heyting algebra (that is, bofh A and its

dual ﬁ are Heyting algebras) with y-=z
denoting the greatest x suchl|that yx=z
and y+z dencting the least x such that
yvx=zz, the above 4 conditionk simply be-
come b+c = ¢ = p<c and c+b =|b = c+b.

Hercafter C denotes the gkocenter of
a distributive lattice A.

1t is seen at once that the distribu-
tive lattices A which are chiin based with
respect to the exocentcr C, Are a proper
extension ol the distributive lattices A
which are chain based with respect to the
center B (the so-called Pi—latticos,

i=0,1,2,3). The exocenter is thus an
appropriate extension of the| center - the
resulting class of chain baspd distribu-
tive lattices are broader than the ciass
of Pi—lattlce¢. This applies particularly

to finite distributive lattices, cach of
which obviously has & Heyting chain and
so is of order n for some finite n.

The above aimed at this last mentloned
development for finite distributlive lat-
tices, yet there are additiopal logical
or algenraLC relationships 1hvolving the
exocenter, simllar to those Whlch Involve
the center and appear in [4, KT These re-
lationships provide addi txon 11 algebrailc
and logical Ilnsight, and provide tools for
further development of chain| based lat-
tices. The development for logles which
arec characterized by lattlces subresiduat-
ed with respect to thelr exccenters clear-
ly falls between the case for lattices
subresiduated with respect to themselves
(Hevting algebras) and the dase for lat-
tices subresiduated with, respect to their
centers [6, Seection U].

Following [6], let the latticc A be
subresiduated with respecect to & sublat-
tice Q containing 0,1. Thatl is, for each
¥ in A, z in A, there 15 an felement
x in @ such that for all g in Q ygsz if
and only if gsx. This x is denoted by

y % 2.

Suppose now that A is chain based with
respect to Q. It can b= shown that A is
a Heyting algebra, with

n-1 0
yre = \¢1 e, (ve; + 2).
1-_—



Lattices subresiduated with respect to
general @ and their correspondlng loglces
are characterized in Sections 1 and 2 of
[C].
even pseudo-complemented. Detalls concern-
ing these logics are given in the append-
at the end of this paper. In particular,
the pivotal axiom Y={X OR (X=»Y)) is moti-
vated from Theorem 22 of [6]. An alge-
braic discussion is Just below.

Let A be subresiduated with

A, with y=xv(x g->y) for all x,

the dual statement hold for Ad. Then A is
a double Heyting algebra and @ contains
the exocenter of A. For let b,c satlsfy
(i)and (ii). From

b(b F<c) < ¢ < bv(b He)

$% TeTlows Gasily thar b T ooze= % @)
arnd similarly using (iii) and (iv) for b.

It follows that x-y=yvx 9 ¥. Thls follows
from Theorem 22 of [6], which states the

equivaolence of ysxv(x g y) with
Q
—ry.
ment for A Thus X @ 0 is the pseudo-
complement of X, with a dual statement for
Ad

It remains to explore the further con-
nections to lattices which are chain based
with respect to their exocenters. This has
been done for lattices which are chain
based with respect to their centers in [3]
and in Section Y4 of [5]. Note the special
role of center B relative Lo general Q in
[6]. Details may be found in the appendix
at the end of this paper.

#inally, there is a direct suggestion
from the development of chain based lat-
tices [5, Section 4] concerning a canonil-

respect to
y in A; let

x & vy =y v X There is a dual state-

cal representation for each element x A.
Namely, that 1f A is subresiduated and

chain based with respect to C,
n-1

x=

This is also suggesled by the work of G.

Rousseau in [8]. To 1llustrate, this last

representation holds not only for each

x 1in Al, but also for each x in AQ. This

is easily verified in the figures shown
above. Because P2—lattices can be charac-

.
ei(ai + x) for each x in A.

terized as a class of algebras

<L eo,...,en_l>[5, Section 5],
it is natural to seek a simllar result for
<hAj

B
Vahy =5

C
Vahs -+ ,eo,...,en_l>.

They need not be Heyting algebras,nor

L]

+ lagtices of orde

Summary

The notions of complementi and center
have been gencrallzed te praovide a proper
extension of Pj—lattices into distributive

n. The case when these
lattices are uubre‘iuuatbd lead to new
logics of some algebraic and philosophical
interest.

Appendix

This appendix gives propasitional cal-
culi which lie between the logic system
RU characterized by the class of all sub-
reslduated lattices, and the logic system
characterized by the class cf all lattices
which are subreciduated with respect to
their centers(the so-called B—a]gﬁbras of
[4]). For ease of presentation, each such
system is obtained by adding to R4 a sin-
gle axiom, and each such addition is pro-
perly stronger than tho one before. At
the end of this appendizx, ttree additlonal
systems are given which do npt fall pre—
cisely within this scheme, jet ire dﬁfer
ving of inclusion. All of fthe systems 1in
this appendix are given 1in crder to Le
i1lustrative - there is no attempt to
exhaustive.

A propositional caleulus fis a sct of
axioms together with rules df' inference
from which provable formuladg are obtained.

be

The rules of inference for 211 of the
logics below are:

(a) Substitution; that is, any for-
mula Fi may b2 sut st ituted for
proposlitlonal variabie X, in
a Tormula F, provided only that
all occurrences ¢f X, in that
formula F are replaced by Ei

(b) Detachment; that iis, if F. is
a provable lormula and F, JpJ
is a provable formula, then Fj
is a provable foiula.

The axioms for R4 ard:

(A1) Xlnxl

(A2) (X 2%,) 2 (X32(Xy2X,))

(43) (xlstxanBJJu((xlnxz;a(xlsx3})

(al) (X AND X, )DX

(A5) (X AND xz):x

(A6) (x 2X,)2((X2X5)2(X (X, AND X4)))

(A7) :(y OR XL)

(A8) X :(xl OR X,)

(A9)  (Xy2Xy)> ((x,,sx )5( (% OR X,)2X5))

(410) (X ﬂﬂo (X, OR X. ))J(~z1 AND X,)
gg (X. hND X ))



(AL1) ~x1n(x1;x2) axigiPSL’ consider the addition of the
(A12)  (Xy2~Xq)>~%y (D%, 0x,) 08 (Ui, o0

(A13) DX >((X)2%,)2X; ) B

(A1) {(Xlnxl)gxl)puxl to RY. This system is called R4.3, and

transparently requires any elements
This system is quite weak with respect a. in O %
to the symbol ~. Consilder, for example, sk 10§ bo ,
A= {o,b,c,1}, Q@ = {0,b,1} as shown below: Thus thils logiec is characterized by the
1 elass of all lattices subresiduated with

respect to sublattices @ shich satisiy

endtin Q s ) =
satisfy q ¥ ajva, Q a;= 1.

B ¢ this identity. It 1s sufficient, in fact,
. for these sublatilces Q to Be linearly
Here b ==c< 171 = 1. Thus the addi- ordercd [6, pp.203-2047.
tional axion Second, consider the addition of the
axiom
(A15) ey ok (X,5X,) OR (XpX;)
is a proper extension of RI, but not suf- (Ax) ) |
ficient for requiring Q to contain all the to Ri. This system is sirorger than the

one just discussed, and strcanger thin
RY + (A1lB)'. Tor

(0x, 20X, ) v ([x2=0%, )
follows easily hv substitution, while
(Al5) ' follows utrawgqunruklulf f'rom
Theorem 3.1(vi} of [4] and Theorem 22 of
[6] '
c Third, consider the addifion cof two
axioms to R4: namely this Fast axiom{ix)

pseudo—complemented clements of A. This
is shown 1n the exanmile just below, where
A= {0,p,8,e,¢,1}, @ =-{0,b,s8,e,1}.

In this example™ = =X = 12X for all x in A
but Q does not contain the pseudo-comple-
mented element c. oo

(X;2X,) OR (%,°%()

Conslder the replacemont of (A15) with together with the axiom (ALZ)r1r

(A15)! D(Xl OR (XJ_:)}; )).

It has been shown that @ now contdln= all
the pseudo-complemented elements of A, so
that this is properly stronger than the
«previous system. Furthermore an lntui—
tionist implication connective ' may be
introduced by letting Xl a.! X2 bc an

abbreviation for X, OR 58

Next (Al5)' is replaceé w¢tﬁ
(A15)" DXl OR ~DX1-
It is transparent from (Al5)" that Q must
contain only complemented elements of A,
This logic, called R5, is characterized
by the class of lattices subresiduated
with respect to all Boolean subalgebras
of 1ts centers.

Lastly, (Al5)" 1s replaced with

(Alb)"'
UX OR ~UX, OR ~D(x OR X, ) OR ~~(X AND X, Y

OX, OR~DX OR~LI(X OR X,) OR~~{X,AND X,).

In [M], B—algebras satisfyidg the ldentity
(xBy)v(y® %)= 1 were called|P-algebras.
This last logie system is cglled PC.¥

It is characterized by the d¢lass of zll
P-algebras.
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I: is not at all transparent that this
last system is properly stronger than the
previous system, R5, or that this logic
is characterized by the class of all
lattices subresiduated with respect to
their centers (these were called B-
algebras in [4], and the logic devaiovad
in [6]).

There are three remaining systems to
be mentioned.

ﬁVar‘junt axiom systems for FC are in pp.
209-210 of r6] and in 4,_"UL~_..rl, G
UMultiple-valued signal progessing with
limiting", Conf. Rec. of thi 1972 Symp.

on the Theory and Appljcati?ns of Multiple
—v alued Logic Design", Buffilo, N.Y.
(1972) pp.33-45.
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