Estimating from Outputs of Oversampled Delta-Sigma Modulation^∗

Eugene A. Sandler^y, Dmitri A. Gusev^z, Gregory Y. Milmanx, and Mikhail L. Podolsky–

Abstract. Oversampling a delta-sigma-modulated sequence, one can compute unbiased sample estimates of averages of consecutive input elements for a wide variety of inputs. We prove that these estimates are most efficient in their class (that is, variances of sample means are minimum in the class of random binary sequences g_n, n = 1, . . . , N, such that the expected values of g_n are equal to the values of the corresponding inputs of delta-sigma modulation) and consistent. Delta-sigma modulation may also be described as one-dimensional error diffusion (a technique for digital halftoning). However, delta-sigma modulation is not a practical digital halftoning algorithm, because human vision averages small luminance deviations in two dimensions. We pose an open problem that invites the reader to extend our approach to the two-dimensional case for the purpose of development of a practical digital halftoning algorithm.

IEEE EDICS number: SP 3.8.2

Correspondence should be sent to: Dmitri A. Gusev Indiana University Computer Science Department Lindley Hall Bloomington, IN 47405-4101 e-mail: dmiguse@cs.indiana.edu phone: (812) 855-9109

Keywords. delta-sigma modulation, sigma-delta modulation, digital signal processing, digital halftoning, error diffusion, image processing, oversampling.

∗ Most of this work was done at Moscow Institute of Radioengineering, Electronics, and Automation (MIREA) in 1992. The work performed at Indiana University was supported by NSF Grant CCR 94-02780.

y (1944-1995) Associate Professor, Department of Cybernetics, Moscow State Institute of Radioengineering, Electronics, and Automation (University of Technology).

z Graduate student, Indiana University, Computer Science Department, Lindley Hall, Bloomington, IN 47405-4101 (dmiguse@cs.indiana.edu).

x_{Chief Engineer-Researcher, VIDAR Ltd., 11 Yauzskaya st., bldg 12, rm 14, Moscow, Russia (}milm@vidar.msk.ru_{).} –_{Software engineer, SCANVEC Ltd., Atidim Industrial Park, P.O. Box 58159, Tel Aviv 61581, Israel}

(michaelp@scanvec.com)

1. Introduction

Delta-sigma (or sigma-delta) modulation [3, 20] is a well-known form of data transformation applied in digital signal processing and communication systems. Our paper deals with single-loop delta-sigma modulation (more sophisticated configurations are known [4, 13]). Without loss of generality, we take the range of delta-sigma modulation to be [0, 1] (linear transformations cover arbitrary ranges [γ_1, γ_2], γ_1 < γ_2). We also assume that the values of inputs x_n, n = 1, 2, . . . , N lie within [0, 1], i.e. there is no overload. This is a common and reasonable assumption [7]. Under our assumptions, the delta-sigma modulation procedure guarantees that the outputs of the binary quantizer q_n, n = 1, . . . , N, can be computed from the inputs x_n, n = 1, . . . , N, by the formula

q_n = 1 2 − 1 2 sgn^′ ( 2x_n − 1 + 2 n−1∑ i=1 (x_i − q_i) ) , (1)

where values of function sgn^′() are computed as

sgn^′(z) = { 1 if z ≥ 0, −1 if z < 0. (2) Moreover, q_n ∈ [0, 1] for all n. Eq. (1) is equivalent to

q_n =

1 if x_n + n−1∑ i=1 (x_i − q_i) ≥ 1 2 , 0 if x_n + n−1∑ i=1 (x_i − q_i) < 1 2 . (3)

Let s_{n−1} = ∑_{n−1} i=1 (x_i − q_i) +^1_2 . Then s_n = x_n − q_n + s_{n−1}. (4) Let ⌊μ⌋ denote the integer part of μ and ⟨μ⟩ = (μ mod 1) its fractional part. Then ranges of x_n and q_n allow Eq. (3) to be rewritten as q_n = ⌊x_n + s_{n−1}⌋. (5) From the fact that μ − ⟨μ⟩ = ⌊μ⌋ we get x_n − q_n = ⟨x_n + s_{n−1}⟩ − s_{n−1}. (6) Plugging the expression from the right-hand side of Eq. (6) into Eq. (4) yields s_n = ⟨x_n + s_{n−1}⟩. (7) Let x_0 = s_0 = 1/2. Using formula (7) and taking into account that ⟨μ + ⟨χ⟩⟩ = ⟨μ + χ⟩, we transform Eq. (5) and get q_n = ⌊x_n + s_{n−1}⌋ = ⌊x_n + ⟨x_{n−1} + s_{n−2}⟩⌋ = ⌊x_n + ⟨x_{n−1} + ⟨x_{n−2} + s_{n−3}⟩⟩⌋ = ⌊x_n + ⟨x_{n−1} + x_{n−2} + s_{n−3}⟩⌋ = · · · = ⌊ x_n + ⟨_{n−1} ∑ i=1 x_i + s_0 ⟩⌋ = ⌊ x_n + ⟨_{n−1} ∑ i=0 x_i ⟩⌋ . (8)

Oversampled delta-sigma modulators introduced by Inose and Yasuda [16] can be used to compute sample means [9]

u_M = 1 N N−1∑ i=0 q_{M−i}, (9) where M > N.

Candy [2] observed that values u_M represent the average value of the input signal and derived an O(1/N) bound on the error. Most of the extensive research of properties of sequences related to delta-sigma modulation involved statistical and spectral analysis of the quantization noise sequence ϵ_n = ∑_n i=1(q_i − x_i) and the quantization error sequence e_n = q_n − x_n for different inputs [7, 9, 10, 11, 12, 23]. Our paper, on the other hand, deals mainly with properties of outputs of oversampled delta-sigma modulation as estimates of averages of consecutive input elements.

The input sequence x_n, n = 1, 2, . . . , N, can be either random, or deterministic. Galton [7] randomized x_n by introducing an additive i.i.d. noise component into the input. For the purposes of our analysis, we randomize the coding procedure by means of introducing a random parameter α uniformly distributed on [0, 1] into Eq. (8):

q_n = ⌊ x_n + ⟨_{n−1} ∑ i=1 x_i + α ⟩⌋ . (10)

Parameter α can be interpreted as a random initial value x_0 (or s_0) of the sequence encoded. Besides purely technical reasons for introduction of α, we take into account the following considerations.

If sequence x_n, n = 1, 2, . . . , N, is a random one, then random variable ⟨X_n⟩, where X_n = ∑_n i=1 x_i, can be treated as the initial value for calculation of sequence q_{n+i}, i = 1, 2, . . . , N − n, and has distribution close to uniform under very relaxed conditions ([5], pp. 62–63). (Sequence q_{n+i}, in its turn, can be used to estimate averages by computing sample means.)

If x_n, n = 1, 2, . . . , N, is a deterministic sequence, then ⟨X_n⟩, n = 1, 2, . . . , N, is uniformly distributed [22] in a sufficiently general case (i.e., frequency of the values ⟨X_n⟩ being in any range (a, b) ⊂ [0, 1] goes to (b − a) when N goes to infinity), so the delta-sigma modulation model with a random initial value applies to many deterministic input sequences as well.

Our paper proves that the (unbiased) estimates of averages of consecutive input elements computed according to Eq. (9) are most efficient in their class (that is, variances of sample means are minimum in the class of random binary sequences g_n, n = 1, . . . , N, such that the expected values of g_n are equal to the values of the corresponding inputs of delta-sigma modulation) for inputs that allow application of our delta-sigma modulation model with a random initial value. We also give a simple proof of consistency of these estimates, a property that can be easily derived using the results from [2], [9], or [7].

Anastassiou [1] observed that delta-sigma modulation can be interpreted as one-dimensional error diffusion (a digital halftoning technique applied in image processing). Hein and Zakhor [14] used this relation for the purposes of halftone to continuous-tone conversion of error-diffusion coded images. However, delta-sigma modulation itself is not a practical halftoning technique, because human vision averages over small luminance deviations in two dimensions. As we shall see, the estimates being most efficient in their class explains the orientation of the characteristic correlated artifacts known to affect the performance of line-by-line and column-by-column deltasigma modulation as a halftoning technique. Error diffusion is known for similar artifacts, and Sandler et al. [19] used some related considerations to justify the selection of an error diffusion algorithm they combined with other digital halftoning techniques. In the end of the article, we will pose an open problem inviting the reader to use our results to design a practical digital halftoning algorithm.

2. Probabilistic Model

We introduce the following probabilistic model of delta-sigma modulation equivalent (as we will show) to the one described by Eq. (10). Let O be a circle with length 1, I_1 ⊂ O an arbitrary interval with its length |I_1| equal to x_1, and β a random variable distributed uniformly on [0,1].

Let q_1 = { 0 if β ∉ I_1, 1 if β ∈ I_1. (11)

Clearly, the expected value and variance of q_1 are E(q_1) = Prob(q_1 = 1) = x_1 and V (q_1) = x_1(1 − x_1), respectively.

Random variable q_2 can now be produced using interval I_2 ∈ O such that |I_2| = x_2. Then E(q_2) = x_2, V (q_2) = x_2(1 − x_2), and V (q_1 + q_2) = V (q_1) + V (q_2) + 2ρ(q_1, q_2), where ρ(μ, χ) stands for the correlation coefficient of random variables μ and χ. The expected value of random variable Q_2 = (q_1 + q_2)/2 is (x_1 + x_2)/2, and the variance of this variable is minimal when ρ(q_1, q_2) is minimal. But ρ(q_1, q_2) = Prob(q_1 = 1, q_2 = 1) − x_1x_2, so it is smaller when the measure (overall length) of I_1 ∩ I_2 is smaller. Let’s introduce counterclockwise orientation on O. Now each of the intervals I_1 and I_2 has its beginning and end. Moreover, if the beginning of interval I_2 coincides with the end of I_1, then the measure of their intersection is minimal. Let’s place I_2 on the circle this way, thus completing our derivation of q_2. To conclude the description of the probabilistic model, it is sufficient to mention that intervals I_3, . . . , I_N will be treated similarly. We apply this model below to prove related statistical properties of delta-sigma-modulated sequences.

3. Proof of Statistical Properties

First, notice that

ρ(q_1, q_2) = { −x_1x_2 if x_1 + x_2 < 1, x_1 + x_2 − 1 − x_1x_2 if x_1 + x_2 ≥ 1. (12)

Eq. (12) corresponds to the minimum correlation coefficient [22] of two binary random variables, one of which takes value 1 with probability x_1, and the other one does so with probability x_2. Hence, whenever it is required that E(q_1) = x_1 and E(q_2) = x_2, our way to construct q_1 and q_2 minimizes variance of Q_2.

Let’s produce random variable q_3 analogously. Namely, by placing interval I_3, |I_3| = x_3, so that its beginning coincides with the end of interval I_2. The expected value of random variable Q_3 = (q_1 + q_2 + q_3)/3 is equal to (x_1 + x_2 + x_3)/3. We are about to show that, under the condition that E(q_3) = x_3, variance of this new random variable is also minimum.

First, we demonstrate that no other placement of interval I_3 can decrease V (Q_3). Consider random variable c = 0 if β ∉ I_1 ∪ I_2, 1 if β ∈ (I_1 ∪ I_2)\(I_1 ∩ I_2), 2 if β ∈ I_1 ∩ I_2.

(13)

Clearly, c = q_1 + q_2 and

V (q_1 + q_2 + q_3) = V (c + q_3) = V (c) + V (q_3) + 2ρ(c, q_3), (14)

where V (c) is minimum by construction and V (q_3) = x_3(1 − x_3).

We are yet to show that our placement of I_3 minimizes the correlation coefficient

ρ(c, q_3) = E(cq_3) − (x_1 + x_2)x_3, (15)

i.e., the minimum of E(cq_3) is achieved.

When x_1 + x_2 ≤ 1, the result follows from the reasoning we used when constructing random variable q_2. We simply substitute I_1 ∪ I_2 for I_1. When x_1 + x_2 > 1,

E(cq_3) = 2 · |I_1 ∩ I_2 ∩ I_3| + 1 · (|I_3| − |I_1 ∩ I_2 ∩ I_3|) = |I_1 ∩ I_2 ∩ I_3| + |I_1|, (16)

and this is minimum when the beginning of interval I_3 coincides with the end of interval I_1 ∪ I_2, that is, with the end of I_2.

Continuation of this procedure leads to the following construction. Using the beginning of interval I_1 as “zero”, place intervals I_2, I_3, . . . , I_N so that the beginning of I_{n+1} coincides with the end of I_n, n = 1, 2, . . . , N. Then form values

q_n = { 0 if β ∉ I_n, 1 if β ∈ I_n. (17)

To show that sequences determined by equations (10) and (17) coincide, we consider O as the result of reduction modulo 1, make a change of variables x^′ = x − β, and drop the prime. Then the beginning of interval I_1 will get shifted clockwise by β and Eq. (17) will become

q_n = { 0 if 0 ∉ I_n, 1 if 0 ∈ I_n. (18)

Finally, we replace random variable β with α = 1 − β, which is also uniformly distributed on [0, 1].

Thus, random variable

Q_N = 1 N N∑ n=1 q_n, (19)

where q_n, n = 1, 2, . . . , N, are determined by Eq. (10), has expected value

E(Q_N ) = 1 N N∑ n=1 x_n, (20)

and, by simple induction, the variance of this random variable for all N > 1 is minimum in the class of random binary sequences g_n, n = 1, . . . , N, such that

E(g_n) = x_n. (21)

Hence, if demodulation on the Mth step is performed by computing u_M , an estimate of the average (1/N) ∑_{N−1} i=0 x_{M−i}, according to Eq. (9), then u_M is most efficient in the class of estimates computed as v_M = 1 N N−1∑ i=0 g_{M−i}, (22) where g_n is a random binary sequence satisfying Eq. (21), when values q_n are determined by formula (10).

It is important to note that this property is true for any input sequence which allows application of our probabilistic model. In particular, if that sequence is random, then the property is true for all of its realizations. Condition (21) is then equivalent to the requirement that estimates v_M are unbiased (u_M being unbiased follows immediately from [7 (Theorem 3)]).

Let’s show that sample means of consecutive outputs of the binary quantizer approach averages of corresponding elements of sequence x_n when size of the sample increases. Indeed, from the construction above it follows that N∑ n=1 q_n = ⌊_N ∑ n=1 x_n + α ⌋ , (23)

and inequality | | | | |α + N∑ n=1 x_n − N∑ n=1 q_n | | | | < 1 (24) is true for all α ∈ [0, 1]. Therefore, | | | | | 1 N N∑ n=1 x_n − 1 N N∑ n=1 q_n | | | | | < 1 N , N = 1, 2, . . . . (25) Considering what happens to Ineq. (25) when N goes to 0, we find that delta-sigma modulation guarantees consistency of sample means of consecutive outputs of the binary quantizer as estimates of averages of corresponding consecutive elements for any sequence x_n, n = 1, . . . , N, normalized so that x_n ∈ [0, 1] for all n. Our having randomized the coding procedure did not actually matter here, so the consistency property is present regardless of the nature of the input sequence. Note that this property is absent when common nearest-level quantization is applied instead. It is straightforward to show consistency using the results of Candy [2 (Eq. (5))], Gray [9 (Corollary 1)], or Galton [7 (Corollary 6)].

Recall that x_n ∈ [0, 1] and q_n ∈ [0, 1] for all n. From (5) and (7) it follows that

q_n = { 1 if x_n + s_{n−1} ≥ 1, 0 if x_n + s_{n−1} < 1. (26)

Equations (7) and (10), our probabilistic model, and results from [5, 22] imply that values of s_{n−1} are often uniformly distributed on [0, 1). When this is the case, one more interesting fact can be derived.

Eq. (4) implies that quantization error for any element of sequence x_n is

e_n = q_n − x_n = s_{n−1} − s_n, (27) and ε_j = j∑ i=1 (q_i − x_i) = j∑ i=1 (s_{i−1} − s_i) = s_0 − s_j (28)

is the value of quantization noise after j elements of sequence x_n are processed. Notice that, since s_n are uniformly distributed on [0, 1) and s_0 ∈ [0, 1) is a constant, the expected value of |ε_n| is

E(|ε_n|) = 1/2 − s_0 + s^2_0. (29)

Hence the expected absolute value of the quantization noise is minimal (and equal to 1/4) when s_0 = 1/2.

4. Open Problem

Human vision possesses ability ([18], p. 621) spatially to average small luminance deviations. (Related neurobiological aspects of vision are discussed in [15].) Error diffusion [6] and other algorithms of digital halftoning (see, for example, [8, 17, 21]) take advantage of this averaging process, which can be loosely described as two-dimensional “demodulation” of graphic information. Moreover, appropriate choices of error diffusion coefficients lead to line-by-line and column-by-column delta-sigma modulation of images [1]. The sample mean of the consecutive outputs of the binary quantizer being the most efficient estimate of the average of the corresponding inputs in its class explains why line-by-line delta-sigma modulation of images produces characteristic corellated artifacts (zebra patterns) oriented vertically. (Analogously, column-by-column deltasigma modulation produces horizontally oriented zebra stripes.) Error diffusion is known for similar corellated artifacts (orientation may vary), and a related discussion based on the results of spectral analysis can be found in [1]. Describe two-dimensional analogs of statistical criteria met (in one dimension) by delta-sigma modulation. Design a digital halftoning algorithm meeting these new criteria and compare it to existing algorithms.

Acknowledgment. The authors thank Paul W. Purdom, Jr. for helpful suggestions on presentation of the paper.

References 1. Dimitris Anastassiou, Error Diffusion Coding for A/D Conversion, IEEE Trans. on Circuits and Systems 36 (1989) pp. 1175–1186.

2. J. C. Candy, A Use of Limit Cycle Oscillations to Obtain Robust Analog-to-Digital Converters, IEEE Trans. on Communications 22 (1974) pp. 298–305.

3. J. C. Candy, G. C. Temes (eds.), Oversampling Delta-Sigma Data Converters, IEEE Press, New York (1992).

4. W. Chou, P. W. Wong, and R. M. Gray, Multistage Sigma-Delta Modulation, IEEE Trans. on Information Theory 35 (1989) pp. 784–796.

5. William Feller, An Introduction to Probability Theory and Its Applications, Vol. 2, John Wiley & Sons, New York, second edition (1971).

6. R. W. Floyd and L. Steinberg, An adaptive algorithm for spatial grey scale, SID 75 Digest, Society for Information Display (1975) pp. 36–37.

7. I. Galton, Granular Quantization Noise in the First-Order Delta-Sigma Modulator, IEEE Trans. on Information Theory 39 (1993) pp. 1944–1956.

8. Robert Geist, Robert Reynolds, and Darrell Suggs, A Markovian Framework for Digital Halftoning, ACM Trans. on Graphics 12 (1993) pp. 136–159.

9. R. M. Gray, Oversampled Sigma-Delta Modulation, IEEE Trans. on Communications 35 (1987) pp. 481–489.

10. R. M. Gray, Spectral Analysis of Quantization Noise in a Single-Loop Sigma-Delta Modulator with dc Input, IEEE Trans. on Communications 37 (1989) pp. 588–599.

11. R. M. Gray, W. Chou, and P. W. Wong, Quantization Noise in Single-Loop Sigma-Delta Modulation with Sinusoidal Inputs, IEEE Trans. on Communications 37 (1989) pp. 956–968.

12. R. M. Gray, Quantization Noise Spectra, IEEE Trans. on Information Theory 36 (1990) pp. 1220–1244.

13. N. He, F. Kuhlmann, and A. Buzo, Multi-Loop Sigma-Delta Quantization, IEEE Trans. on Information Theory 38 (1992) pp. 1015–1028.

14. S. Hein and A. Zakhor, Halftone to Continuous-Tone Conversion of Error-Diffusion Coded Images, IEEE Trans. on Image Processing 4 (1995) pp. 208–216.

15. David H. Hubel, Eye, Brain, and Vision, Scientific American Library, New York (1988). 16. H. Inose and Y. Yasuda, A Unity Bit Coding Method by Negative Feedback, Proc. IEEE 51 (1963) pp. 1524–1535.

17. Donald E. Knuth, Digital Halftones by Dot Diffusion, ACM Trans. on Graphics 6 (1987) pp. 245–273.

18. William K. Pratt, Digital Image Processing, John Wiley & Sons, New York (1978). 19. Eugene A. Sandler, Dmitri A. Gusev, and Gregory Y. Milman, Hybrid Algorithms for Digital Halftoning and Their Application to Medical Imaging, Computers and Graphics 21 (to appear).

20. R. Steele, Delta Modulation Systems, Pentech Press, London; Halstead Press, New York (1975). 21. Robert Ulichney, Digital Halftoning, The MIT Press, Cambridge, Mass. (1987). 22. Ward Whitt, Bivariate Distributions with Given Marginals, The Annals of Statistics 4 (1976) pp. 1280–1289.

23. P. W. Wong, R. M. Gray, Sigma-Delta Modulation with I.I.D. Gaussian Inputs, IEEE Trans.

on Information Theory 36 (1990) pp. 784–798.