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Abstract

A new preconditioner (called CIMGS) based on an incomplete orthogonal factor-
ization is derived, analyzed, and tested. Although designed for preconditioning least
squares problems, it is also applicable to more general symmetric positive definite
matrices. CIMGS is robust both theoretically and empirically, existing (in exact arith-
metic) for any full rank matrix. Numerically it is more robust than an incomplete
Cholesky factorization preconditioner, and the conjugate gradient iterative method
preconditioned with CIMGS compares favorably with using Cholesky factorization on
the normal equations. Theoretical results show that the CIMGS factorization has
better backward error properties than complete Cholesky factorization does, and for
systems whose normal equations are M—matrices, CIMGS induces a regular splitting,
better estimates the complete Cholesky factor R° as the set of dropped positions gets
smaller, and lies between complete Cholesky factorization and incomplete Cholesky
factorization in its approximation properties. Those properties usually hold numeri-
cally, even when AT A is not an M-matrix. When the drop set satisfies a mild and
easily verified (or enforced) property, the upper triangular factor CIMGS generates is
the same as the one incomplete Cholesky factorization does. This allows guaranteeing
the existence of IC factorization, based solely on the target sparsity pattern.

*Work supported by NSF grants CDA-9309746 and CCR-9120105



1 Introduction

This work is motivated by the linear least squares problem of finding z € R™ which minimizes
the value of

16— Az ||z, (1)

where A € R™*™ m > n, is a large sparse matrix of full rank and b € ™ is an arbitrary
vector. Such problems occur frequently in scientific and engineering applications such as
linear programming [5], augmented Lagrangian methods for CFD [12], and the natural factor
method in partial differential equations [9] [3].

Minimizing (1) by solving the normal equations AT Az = ATb is a common and often
efficient approach, because AT A is symmetric and positive definite. There are many well
developed and reliable methods, both direct and iterative, for solving such systems. In this
paper, we present a new preconditioning method for solving the normal equations using
the conjugate gradient (CG) iterative method. This allows the solution of extremely large
least squares problems without explicitly forming the normal equations, which requires a
potentially large number of floating point operations, and can introduce a loss of information
from the original matrix A.

A well-known drawback of this approach is that the condition number of the normal
equations is the square of the condition number of the original linear least squares problem.
Orthogonal factorization methods [8] avoid this problem, but they require more floating
point operations and potentially can require O(mn) storage, which is unacceptable for sys-
tems with large m. Because the rate of convergence of the CG algorithm is related to the
condition number of the matrix that it is applied to, finding an effective preconditioner is
crucial. Preconditioning methods that have been proposed and analyzed for the CG algo-
rithm include column scaling, SSOR [4], incomplete Cholesky factorization [11], polynomial
preconditioning [1, 2], and incomplete orthogonal factorization [14, 10, 18, 16].

When preconditioning a symmetric positive definite system Bz = f, the usual goal is to
increase the clustering of the eigenvalues around 1. When B = AT A and the preconditioner
is applied to A, a natural target is to make the preconditioned matrix A closer to orthog-
onal, because then ATA =~ I. This suggests using an incomplete orthogonal factorization:
A =~ QR. Existing incomplete orthogonal factorization preconditioners can be divided into
two classes: incomplete Gram-Schmidt, such as the methods presented in [14, 10, 16], and
incomplete Givens, such as the method in [18]. Incomplete Gram-Schmidt type methods are
in general robust because they can avoid numerical breakdown when A is full rank. Fur-
thermore, they are effective in accelerating the convergence of CG. The notable drawback
is that they are expensive in both floating point operations and storage, because like full
Gram—Schmidt factorization they do not take advantage of sparsity. One way of reducing
computations is to use a numerical dropping technique to keep both the ¢ and R factors
sparse, as is done in ILQ [14] and the incomplete Givens method of [18]. The price these
methods pay for efficiency is robustness, because dropping small entries can lead to zero
elements on the diagonal of R. Restart techniques have to be used for these methods to as-
sure robustness. This paper introduces a new preconditioner called compressed incomplete



Gram-Schmidt (CIMGS); as the name implies, CIMGS is based on an incomplete modified
Gram—Schmidt (IMGS) factorization. CIMGS reduces the cost of computing an incomplete
orthogonal preconditioner by ’compressing’ the information carried in A’s column vectors into
dotproducts of those vectors, which can be used to compute the same factor as the column
vectors. In this way, the number of operations is reduced while preserving the precondi-
tioner’s robustness and effectiveness for the CG algorithm. Furthermore, unlike incomplete
Cholesky (IC) factorization, in exact arithmetic the CIMGS factorization completes without
breakdown for any full rank matrix A.

The next section describes the new algorithm and analyzes its properties. We show that
CIMGS produces the same preconditioner (in exact arithmetic) as IMGS but requires many
fewer computations than IMGS does. We also prove that when AT A is an M-matrix, CIMGS
induces a regular splitting. The relationship between CIMGS and incomplete Cholesky
factorization is discussed in detail in Section 3. Numerical test results showing the the
effectiveness of ’compression’ are presented, along with comparisons among CIMGS, IC
preconditioned CG, and direct methods. Conclusions and remarks are made based on those
results.

2 The CIMGS Algorithm and Its Properties

To motivate the CIMGS algorithm, we first describe incomplete Gram-Schmidt (IMGS)
factorization. Let P, = {(z,7)|t # j, 1 <1%,j < n} and assume that the matrix A € ®™*"
has full column rank. Let P C P, be a set of index pairs such that (z,5) € P implies that
1<i<y<n.

The set P determines which elements of the target incomplete factor R will not be re-
tained in the approximate factorization, i.e., P is the set of drop positions. The IMGS factor-
ization algorithm can be easily derived from the modified Gram—-Schmidt factorization of A
by setting to zero during the factorization entries of R indexed by P:

Algorithm [ Q, R ] = IMGS [A, P]

begin

for £ = 1,2, ..., n,
(1) roe = | ar |2
(2) QG = ak/Tkk

for y = k+1, k+2, ...

, N
_ 0 (k,j) € P
(%) = { ofa; (kj) & P
(4) a; = aj — QkTkj
endfor
endfor
end

If step (3) is replaced by 74; = gf a;, we get a complete modified Gram—Schmidt factor-
ization. This factorization will always succeed in producing an upper triangular factor R

when A has full rank:



Theorem 1 If A € R™*™, m > n, has full rank, then IMGS applied with a drop set P C P,
completes and produces a factorization A = Q R, where R is an upper triangular matriz with
positive diagonal elements and Q) is a full rank matriz.

Proof: Let agj) denote the 2-th column of A after j steps of IMGS. From the algorithm

we can see that ¢; = (a§°) — 1715 — .. — @—1Ti—1,i) /T, for © = 1,2,...,n. The algorithm
cannot complete if at some step k, rgx = || agck_l) o = 0. This means that we have

k-1 0 0) . . ..
agc ) — agc ) _ @171k —---—Qk—1Tk—1k = 0 and so a; ’ is a linear combination of g1, g2, ..., gk—1-

(0)

Therefore, the set of vectors {ql,qg,qg, cey k-1, Qg } is linearly dependent. However, the

(0) (0) ago) (0)

vectors ¢1,92,43, . .., qr—1 form a basis of spana; ’,ay’,a3”,...,a; ¢, and the set of vec-

(0) () (0)

tors qai’, a5 ),a3 ,...,agco)} is linearly independent because A has full rank. Therefore,

{ql, 42,93, - -+ Qk_1, agco)} is independent, a contradiction. So if A has full rank, rgx # 0 for

k=1,2,...,n and the factorization must exist. O

More detailed studies of IMGS can be found in [16]. In general, IMGS is robust and
effective at reducing the number of CG iterations. Its main weakness is the much higher
cost of computing the preconditioner compared to other preconditioning methods.

The new algorithm CIMGS now described will produce the same preconditioner, while
greatly reducing the computation cost. The basic idea is to ‘compress’ the information in
the column vectors of A into a dotproduct form without losing the information needed for
the computation of the factor R. To understand the meaning of this ‘compression’, consider
the relation between modified Gram—Schmidt factorization of A and complete Cholesky fac-
torization of ATA. In exact arithmetic, they both produce the same factor R. Modified
Gram—Schmidt factorization works on A and “sees” only the column vectors. Cholesky fac-
torization works on AT A, the elements of which are dotproducts of the corresponding column
vectors. After each step of each of the factorization methods, the relationship is maintained
between the reduced matrices. Moreover, it is well-known that Cholesky factorization can
be much more eflicient than the modified Gram-Schmidt algorithm. The new algorithm
CIMGS is designed to have the efficiency of Cholesky factorization, while maintaining equal-
ity of the reduced matrix produced to the normal equations of the reduced matrix produced
by IMGS.

Algorithmically, let B = ATA. When A is a real matrix with full rank, B is symmetric
positive definite. Given a drop set P C P,, CIMGS generates the upper triangular matrix
R € R™™ as follows:

Algorithm [R]=CIMGS[B,P]

begin
for k£ = 1,2, ..., n,
lfbkk 7£ 0 then
(1) be = Vbik
(2) Thk = bk
for 5 = k+1,k+2, ..., n

(3) bej = bri//brx



{0 (ki) ep
4) e { bj (k) & P
endfor
for 5 = k+1,k+2, ..., n
for + = k+1, k+2, ..., n
(5) bij = bij — beibe; (k,3) € Por(kyi) ¢ P
endfor
endfor
else
(6) quit (incomplete factorization can not complete)
endif
endfor

end

Note that the structure of CIMGS is similar to the rank-1 update form of Cholesky
factorization, with incompleteness introduced at step (5). Just as with Cholesky factoriza-
tion, a more efficient version can be obtained by deferring the rank—1 updates until they are
needed, but the above formulation is more convenient for the following analysis. Note that
B is overwritten by intermediate computations, which generate the factor R. The algorithm
shows the target factor R being extracted from B at steps (2) and (4), but in practice R
need be stored in separately.

First we show that CIMGS applied to AT A produces the same triangular factor as IMGS
applied to A.

Theorem 2 Let A € R™", m > n, rank(A) = n and B = ATA. If R = IMGS(A, P)
and ST = CIMGS(B, P), then R = S7.

Proof: We use induction on n. The n = 1 case is trivial. Supposing that the theorem is
true for k =n — 1, we now prove it for £ = n. After one step of IMGS,

0 (LjePr .
oo b= vafan, mi={ a5, 2<isn

T11

and columns 2 to n of the remaining rows of A are updated by

After one step of CIMGS the first row of ST is given by

L [T 0 (1,j)e P :
_ _ T L )
S11 = b11 — a a1, 515 — { blj/\/E (17]) € P 2 S J S n

and columns 2 to n of the remaining rows of B have elements bgjl-) = b;; —bu;by;if (1,7) & P or
(1,2) € P, for 2 < 14,5 <n. Clearly r1; = s1; for all 1 <37 <n. The computation of the rest
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of R consists of applying IMGS to the matrix A" = {agl), agl), ...,aV}. The computation
of the rest of ST consists of applying CIMGS to the matrix B(!) = (bﬁ-)), 2 <1,7 < n. Since

ST () _ { afaj, (1,i)€ Pand(l,j)€ P
* 7 a’zTa’J'_Tlirlb (17Z)€POT (17.7) Q/P

and
51 _ { bj, (1,3)€ Pand(l,5)€P
v bij_blib1j7 (17Z)€POT (17-7) €P7
it can easily be seen that AWT40) = B, Using the induction hypothesis, the rest of
R computed by IMGS is equal to the rest of ST computed by CIMGS. By induction, the
theorem is true for any n. O

Since CIMGS 1is equivalent to IMGS, Theorem 1 also implies that CIMGS exists when
AT A is positive definite. Since these results assume exact arithmetic, the natural next ques-
tion to ask is how CIMGS is affected by rounding errors, that is, how does the “compression”
technique affect the stability of IMGS? Earlier analysis has shown that IMGS is less likely
than modified Gram-Schmidt to break down due to possible numerical rank deficiency of
A [16]. The next theorem says that numerical rank deficiency is less likely to occur for
CIMGS than it is for complete Cholesky factorization. That in turn implies that CIMGS
may breakdown earlier than IMGS as the condition of A worsens . This will be confirmed
by numerical experiments presented in later.

Theorem 3 Let B be a symmetric positive definite matriz and p be the machine precision.
Let P be a given drop set of zero positions for the CIMGS algorithm. Let R be the triangular
factor produced by CIMGS wusing the set P, and let U be the matriz of dropped elements. If

K(B) 2 Ci(n)p, (2)
where k(B) is the condition number of B, then there is an error matriz E such that
(R+UY(R+U)=B+U'U+E

and

1E Jl2 < Co(n)p || B |l2,

where C1(n) and Cy(n) are constants that depend only on n.

Proof: Our proof of the theorem is again by induction on n. Let

bi1 b2 r1 L 0 uf
B — R — 12 U — 12
( bi2 B ) ’ ( 0 Ry ) ’ ( 0 Uy

be conformally partitioned. Denote

l11 lT T11 ’f‘T + uT
L=—R4U~=— 12 _ 12 12 ‘
+ ( 0 Lo ) ( 0 Ros + U
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Consider the computation of the first row of L. It is the same as the computation of first row
of Cholesky factor of B, except during the rank-1 update of the trailing submatrix. CIMGS
only updates those elements in position (z,7) such that at least one of (1,2) or (1,7) is not
in P, while Cholesky factorization updates elements in positions (7, j) where both (1,7) and
(1,7) are not in P.

Let BgI)MGs and Bg}IOL be the reduced matrices after one step of CIMGS and Cholesky
factorization, respectively. After one step of CIMGS, we have

lll 0 10 lll l1T2 . 0 0 (1)
<l12 I) (0 BgI)MGs 0 I =b 0 u12uf2 + Betues-

where EgI)MGs denotes the error caused by finite precision computations during the first step,
and BgI)MGs = Bg}IOL + ugpuf,. Note that in positions (4, 7) with (1,2) € P or (1,5) & P,
the updating is exactly the same as that in one step of Cholesky factorization, while at other
positions no updating occurs. Therefore, EgI)MGs and E'ggm[] are equal in those positions
for which updating is performed. For the other positions, the elements of EgI)MGs are equal
to 0. Using Wilkinson’s estimates [17], we get

| E& s 1< e || B | -

Since BgI)MGS equals the reduced matrix after applying one step of Cholesky factorization
to B + ujqul, + Eg}MGS: again using Wilkinson’s result gives

| Baz ||2 + || w12uly |2 +eup || B |2
ca | B |2

2
| BShes |2

<
T
<|| Baz [|2 + || hialia ||z +ep || B2 <

where ¢4 1s a constant depending on n.

From the computation of one step of CIMGS we can see that BgI)MGS is also positive

definite when condition 2 holds. Using the induction hypothesis,
T T
BgI)MGs = L7 L) g g — EgI)MGs

and
2 2
| EShues ll2 < Caln— D || BShses |2 < esp || B |

where cs 1s a constant depending on n. So we get
'L -UtUv -E,—- E, =B,

where £, = Egl)MG.Sa and FE, is EgI)MGs augmented by a null first row and column. It follows
that
FE Nz =1 Bx+ Ealla < | Bufla + || B2l < crpp || Blla +esp || Blla -

Letting Ca(n) = ¢ + c5 establishes the error bounds.
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If the minimal eigenvalue of B + UTU is greater than the error, the factorization process
will not break down. That is, if

1
|| (B_I_ UTU)_l ||2 > Cl(n) || B ||27
completing the proof. O

Since UTU is symmetric positive semidefinite, the smallest eigenvalue of B 4+ UTU is
greater than or equal to the smallest eigenvalue of B. So numerical breakdown is less likely
to happen for CIMGS factorization than it is for Cholesky factorization.

Since the goal of incomplete orthogonalization preconditioning is to approximate an or-
thogonal factorization, it is important to estimate the closeness of the CIMGS factor to the
factor obtained using complete Gram-Schmidt factorization. When AT A is an M-matrix,
we have the following result:

Theorem 4 Let A € R™*™ have full rank. If AT A is an M-matriz and Q € R™*", R € R™*"
are the matrices that are produced by applying IMGS with a given P C P,, then

QTQ=RTATAR"'=1-E

is a reqular splitting with E > 0, all of the diagonal elements of E equal to 0, and p(E) < 1,
where p(E) is the spectral radius of E.

The proof can be found in [16].

If ATA is an M-matrix, Theorem 4 bounds the distance between @ and an orthogonal
matrix since it implies that p(QTQ) < 2. Unfortunately, it does not guarantee an improve-
ment in the condition number of QTQ compared to of ATA in general, since Apmin(ATA)
is not necessarily a lower bound on Apmim(QT Q). In practice, however, we have found that
one step of IMGS tends to behave like one step of MGS in that one of the eigenvalues is
brought closer to 1 and the remaining ones tend to stay in an interval whose lower and upper
bounds do not significantly worsen. For MGS one of the eigenvalues is made exactly 1 and
the remaining ones are in an interval bounded by the minimum and maximum eigenvalues
of the normal equations of the original matrix.

A similar result in [11] shows that ATA = LLT — Eisa regular splitting, where L is the
IC factor of AT A, E> 0, and p(E') < 1. Tt 1s straightforward to transform this result into
one similar to Theorem 4. Specifically, if L is used to precondition the least squares problem
then it can be shown that QTQ = L YATAL™T = I — E is a regular splitting satisfying
conditions on E identical to those on E of Theorem 4. However, as is shown in the next
section, CIMGS and IC do not necessarily produce the same triangular factor for a given
drop set P.

Certainly the choice of P will affect the quality of the preconditioner. Intuitively, the
more elements retained in the factor, the better CIMGS should approximate complete Gram-—
Schmidt. For general matrices A, we have not been able to rigorously establish this heuristic,
but when AT A is an M-matrix, CIMGS has the following monotonicity property:



Theorem 5 Let B € R™™ be a symmetric positive definite M-matriz, and let P, C P,
be zero position sets. If Ry and R, are the CIMGS factors produced by using P; and P,
respectively, then Ry < R,.

The notation R; < R, is used to indicate componentwise inequality. The next Lemma is
needed for the proof of this Theorem.

Lemma 1 Let A € ™™ and B € R™™ be symmetric positive definite M-matrices where
A< B. If R and T are the upper triangular matrices from the CIMGS factorization of A
and B respectively with the same non-zero position set P, then R < T.

Proof: We prove the proposition by induction on n. Clearly the result holds for n = 1;
assume that it holds for matrices of order n — 1. Let

. 711 ng . t11 le;
R‘(O Rw )» T\ 0 )

[ an AT, [ by B,
A= ( Ay Ay )’ and B = By B
be the corresponding partitioned matrices for a matrix of order n, so that Ry, Tss, Agy and

Bj, are of order n — 1. After one step of CIMGS on A and B, we have 0 < ry; = /a1 <
v/b11 = t11 and, since by; < 0, we also have

R a1z’/7‘11 < b1z’/7‘11 < b1i/t11 = 1y, (Li) ¢ p
7 0= ¢y (1,2) € P.

Let f and g be the vectors of dropped elements from the first step of CIMGS applied to
A and B, respectively. Then f < g < 0 and Ry < T15 < 0. Ry and Ty, are the CIMGS
factors of A(2) == Agg — ngfT — fsz — ngsz and B(2) == ng — TlggT — ngj; — T12T12;, and

therefore

A()

Azz - R12fT - fsz - R12Rf2
By — Riaf T — fR], — R R,
By — T fT — fT1, — T1aTY
By, — T129T - 9T12; - T12T12;
B®).

VAN VAN VANRVAN

By the induction hypothesis, Ry; < Ty, and so R < T and the proposition is true for
matrices of any order n > 1. 0O.

Proof of Theorem 5: By induction on n. For n = 1 the result holds trivially. Assume
that it is true for matrices of order n — 1. Let

o by BT
="} b )



1) g ) g
R, = ( i ) , and R, = ( i )
R22 R22

be partitioned so that Bs,, Rglz), and Rg? are of order n — 1. After one step of CIMGS with
P; and P, respectively, 7“511) = /b1 = rﬁ) and since By; <0,

bii/riy) = buafrl) =i (1,3) & Py and (1,3) ¢ P,
P = byyrD <0 = (L)gPLand(1,)) € P, i=2...,n  (3)
0=r (1,4) € Py and (1,7) € P,

This implies Rgz) < R(z)
Let f = (f2, f3,---,fn) and g = (92,93,...,9n) be the vectors of elements dropped by
CIMGS with P; and P;, respectively. Then

bu/riY = by /e =g, (1,i) € P and (1,4) € P,
fi= 02b1i/rﬁ)—gZ (1,3) ¢ PLand (1,3) € P, 1=2,...n. (4)

and so 0 > f > g. Also note that Rglz) +f= Rg? +g.
Now let Bé? and ng) be the reduced matrices of order n — 1 produced by one step of
CIMGS with P; and P;, respectively. It follows that
BG = Bun— (B + 7RG + 1)+ f7f

By — (R + £)"(R glz)+f)+9 g
By — (RS +9)"(RG +9) + 979
B(z)

22

IA A

Let Rgz) be the CIMGS factor for Bgz) using P, Rg? be the CIMGS factor for ng) using P,
and T be the CIMGS factor for Bgz) using P;. By Lemma 1, Rglz) < T. By the induction

hypothesis T < R( ) Together we have R; < R, and therefore the theorem is true for
matrices of order n. O

Let R° be the complete Cholesky factor of B. R° is equal to the CIMGS factor produced
by using the pattern P¢ = (. Clearly, we have P° C P, C P, and, by Theorem 5, R® <
Ry < R,. f By = Ry — R° and E; = R; — R°, then we have E; < E,. In this sense we
can say that R; better approximates R°. Informally, if fewer elements are dropped, i.e., if
a smaller drop set P is used, the resulting IMGS factor better approximates the Cholesky
factor componentwise.

3 Relations between CIMGS and IC

It is reasonable to ask how CIMGS compares to IC when they are both applied to AT A,
because the two algorithms have similar structure. In general, CIMGS generates a different
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factor from IC. CIMGS is more stable than IC in the sense that CIMGS will not break down
when A is full rank, while in practice IC break down frequently. Furthermore, there is a close
relationship between CIMGS and IC when certain conditions are imposed on the sparsity
pattern of the target factor.

Theorem 6 Suppose A € R™", B = ATA, and the set P C P, has the property that for
any 1 <1,7,k <mn, withi < j and t < k, the condition (3,7) € P and (3,k) ¢ P implies that
(7,k) € P. If R and U are the upper triangular matrices that arise from the CIMGS and IC
on B using the set P respectively, then R =U.

Two observations will make the following proof easier to understand.

Observation 1: Suppose A € R™™ and B € R™™ are symmetric positive
definite matrices for which IC completes using a drop set P C F,. Let the
matrices U and T be the upper triangular factors that IC gives for A and B
respectively. If a;; = b;; for all (3,7) ¢ P then T =U.

Observation 2: Let A € R™™ and P C P,. Let B = AT A, and suppose R()
and BM) are the matrices that arise from one step of CIMGS on B using position
set P, so that B = RO BOIRM), Suppose B and U(M) are the matrices that
arise from one step of IC on B with the same P so that B = UMT BOYM) Then
UMW = RMW and bijl-) = ?)S) for those 1 < 7,7 < m, such that either both (1,7) and
(1,7) are in P, or both (1,2) and (1,7) are not in P.

Observation 2 can be seen from the algorithms for CIMGS and IC, which differ only in the
updating step. CIMGS updates the elements in position (2, j) where either (1,7) or (1,7) are
kept. In IC, only the elements in positions (z,j) where both (1,7) and (1, ;) are kept. This
causes the two algorithms to differ at positions (7,7) where one and only one of (1,7) and
(1,7) are kept at the first step. All the other elements are the same after one step of CIMGS
and IC. With these observations, we prove theorem 6.

Proof: By induction on n. When n = 2, it is trivial to show that the assertion is
true. Assume that for & < n the assertion is true. For & = n, one step of CIMGS gives
B = ROTBORM with B® = (5})) and

11 Ti2...T1n

RO —

The remaining steps of CIMGS can be viewed as applying CIMGS to the submatrix of B()
from rows and columns 2 to n, which is an (n — 1) x (n — 1) matrix. Let R, denote the
resulting (n — 1) X (n — 1) triangular matrix. The overall CIMGS factor R then has the form

10
1)
(o8
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On the other hand, one step of IC gives B = U(l)TB(l)U(l), where B(1) = (i)”) and
U111 U12...U1IR

(1) —
U= 0 1

The remaining steps of IC consist of applying IC to the submatrix of B® from rows and
columns 2 to n. Denote the resulting (n — 1) X (n — 1) triangular matrix by U,. The resulting

) 1 0
(1)
IC factor U is (0 U2>U .

By observation 2, R = U() and bg}) = ?)S) for those positions where either both (1,7)
and (1,7) are in P or both are not in P. We now show that Ry = U,. Compare the elements
of bg}) and ?)S) where (¢,7) € P. Note that only these elements affect the IC factor. If either
both (1,7) and (1,7) are in P or both (1,%) and (1,7) are not in P, we have bgjl-) = ?)S)
from observation 2. In other words, bg}) +* BS) is possible only for positions (z,7) such that
either (1,2) € P and (1,5) ¢ P or (1,2) ¢ P and (1,7) € P. By hypothesis, in these cases
(i,7) € P. Therefore, bg}) +* ?)S) can only be true if (z,5) € P.

Let U, be the IC factor of the submatrix of B(!) consisting of rows and columns 2 to n.
By observation 1, U, = U,. Also, according to the induction hypothesis, U, = R,. These
two conditions taken together imply U, = R, completing the £ = n case. By induction, the
assertion is true for all n. O

Theorem 6 establishes a connection between IC and CIMGS. From this connection we can
derive the following result regarding IC applied to an arbitrary symmetric positive definite
matrix. This result is important because it allows us to guarantee the existence of the
IC factor based only on the target nonzero pattern. Other modifications of IC have been
proposed that allow the factorization to avoid breakdown, but they generally consist of ad hoc
modifications of the elements as the factorization proceeds. This result allows, for example,
a priori assurance that IC can be applied to matrices from a finite element mesh, based
solely on the geometry of the mesh.

Theorem 7 Let B € R™™ be a symmetric positive definite matriz. If P C P, has the
property that (1,7) € P and (v,k) ¢ P implies (j,k) € P for all 1 <1 < n, then the IC
factorization algorithm completes successfully.

Proof: Let B € R™™ be a symmetric positive definite matrix. There exists a matrix
A € R™*™ m > n with full rank such that B = ATA. According to Theorem 1, IMGS
applied to A completes successfully, yielding an upper triangular matrix R with positive
diagonal elements such that A = @QR. By Theorem 6, the conditions on the set P assure
that IC applied to B = AT A generates the same upper triangular matrix as IMGS. So IC
completes successfully and generates an upper triangular matrix LT which is equal to R. O

This result allows us, under certain restrictions, to view IC as a member of the class
of incomplete Gram—Schmidt factorizations. On the other hand, the property of the set P
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described in the above theorem can be viewed as a condition that can guarantee the existence
of IC when the matrix is symmetric positive definite. Furthermore, it is easy to modify the
target sparsity pattern in order to satisfy the hypothesis of Theorem 7; see [16] for more
details.

In general, CIMGS gives a different factor R from the one given by IC. If both methods
generate the factor successfully, which is better in accelerating CG convergence? Again, the
assumption that AT A is an M—matrix allows us to prove the relationship: the CIMGS factor
is closer than the IC factor to the complete Cholesky factor. To establish this result, two
lemmas are stated here without proof.

Lemma 2 . Let A, B € R™™ be symmetric positive definite M-matrices with A > B. Then
R>T, where RFR = A and TTT = B are Cholesky factorizations.

Lemma 3 Let A, B € R™™ be symmetric positive definite M-matrices, with A > B. Let P
be a non-zero position matriz for incomplete Cholesky factorization. Then R > T, where R
and T are the incomplete Cholesky factors of A and B, respectively, using the same P.

Theorem 8 Assume that A € R™*" is such that B = AT A is a symmetric positive definite
M-matriz. Let Rogor and Ric be the upper triangular matrices from Cholesky factorization
of B and incomplete Cholesky factorization of B with the pattern P, respectively. Let Rrygs
be the upper triangular matriz from IMGS on A with the same pattern P. The following
relation s satisfied:

Reror < Rimas < Ric,

Furthermore, E; < E,, where

Ei = Rimes — Renor,
E, = Ric — Rcrot-
Proof: Since IMGS on A generates the same upper triangular matrix K as CIMGS on

AT A, in the proof we use the CIMGS algorithm. The proof is carried out in two parts.
(1) We prove Reror < Rimes by induction on the size of the problem. The inequality

1s trivial for n = 1. Assume that it holds for n — 1. Partition B = ( by bi ) and

b, Bao
_ | P11 P12 [ 11 T2 . t11 12
P = ( oL Py ), and let Rocgor = ( 0 Ry ), Riygs = ( 0 T, ) be the factors

from Cholesky factorization and CIMGS factorization of AT A, respectively. Applying one
step of Cholesky factorization and CIMGS factorization to AT A, we get

b12

1 = b11, T2 = —
711

b
tin = /b1, tia= <t£>| .
P12

11

and
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It is easy to see that r1; = ¢1; and r15 < t15. Let g1, denote the dropped elements from the
first step of CIMGS, so that r1, = t15 + g12 and tfzglg = 0.

Ry, is the Cholesky factor of BMY) = B,, — rﬂ'r‘lg, and 75, 1s the CIMGS factor of
B — By — tfzglg — gfztlg — tfztlg. Again both BW and BM are M-matrices. It is not
difficult to see that BW < B because

B(l) = ng — 7‘{27‘12
= By — tfgtm — tf2912 — gfzt12 — 9?2912
B _ gf2912

and ghg12 > 0. Let LTL = B® be the Cholesky factorization of B(Y). By Lemma 2,
Ry, < L, and by the induction assumption, we have L < T;. So Ry; < Thy, which implies
Reror < Riymes. By induction, this is true for any n.

(2) Next we prove Rryes < Ric using a similar induction proof. It holds trivially for n =

1. Assume that it is true for n—1. Then for matrices of order n, let Rj¢ = ( éll lgz ) be the
22

incomplete Cholesky factor of AT A. Applying one step of incomplete Cholesky factorization

to ATA, we have l;; = /b1, and for components not in P, l;, = (Il’ll—f) So li;7 = t11 and

li3 = t13. Now Lgj 1s the incomplete Cholesky factor of B = = Byy — l12l12 > B ) and B
is also an M-matrix. Let L be the incomplete Cholesky factor of B, By the mductlon
hypothesis, we have T, < L. From Lemma 3, L < Lyy, s0 Ty < Lyy. Together, these imply
T < L. By induction, the inequality holds for matrices of any order n > 1. O

Now we know that when ATA is an M-matrix, CIMGS will be a better approximation
of the full Cholesky factorization than IC with the same sparsity pattern. Experiments on
general matrices also show that CG preconditioned by CIMGS takes fewer iterations than
that preconditioned by IC, when both successfully produce a preconditioner. These results
will be shown in Section 4

4 Numerical test

4.1 Test environment

The experiments in this section use test problems that include systems from applications
problems and from the RUA and RRA sets of the Harwell-Boeing collection. Characteristics
of the matrices, including the number of rows (m), the number of columns (n), the number
of non-zeros (nnz(A)), the number of the non-zeros in the normal equations (nnz(ATA)),
the density of the matrix and the density of the normal equations, are given in Table 1. The
density of a matrix B € R™*", denoted dense(B), is the percentage ratio of actual non-zero
elements to the maximum possible, i.e., 100(nnz(B)/mn).

The collection includes 30 matrices, of which 10 are square. The sizes of the matrices
vary considerably both in terms of dimensions — 115 < m < 16640 and 82 < n < 3564 —
and number of non-zero elements — 421 < nnz(A) < 78298. The density of the matrices
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ranges from less than 1% to slightly more than 7%. As expected, both the density and
non-zero element count increase significantly for the normal equations associated with the
test matrices — density reaches the neighborhood of 40% for some matrices, and one problem
has almost 400,000 non-zero elements. Most are reasonably conditioned but there are a few
which are ill conditioned. The matrices are grouped according to the application source. The
first set, AMOCO1 to WELL1033, is from the RRA portion of the Harwell-Boeing collection.
AMOCO1 is a seismic tomography problem, while BELLADIT and BELMEDT are based on
information retrieval problems. The group from CONEV8 to STRATS, is from computational
fluid dynamics problems where for some algorithms they are used to compute orthogonal
projections. The final group of rectangular matrices, BNL1 to WOODW, is from a collection of
linear programming problems available on NETLIB. We have also included a group of square
matrices from the RUA set of the Harwell-Boeing collection, FS_760_1 to STEAM2.

For the set of problems, we generate a right-hand side vector consistent with a solution
vector whose components are all equal to 1. In this case, we can easily check the accuracy
of the method. We measure the following quantities for the accurancy of the method: ||

gt _ l|lz—=*||> || Az—b]l>
z—z* |2, || Az — b ||2, e and o

The CIMGS and incomplete Cholesky factorizations used for comparison in the exper-
iments were implemented in standard Fortran. The packages SPARSPAK-A [6] used for
Cholesky factorization and SPARSPAK-B [7] are also in Fortran but benefit from the more
careful consideration typical of a numerical software package. All tests were run on a single
processor of an Alliant FX/2800. In addition to the algebraic quantities mentioned above,
floating point operation counts and the cpu time were also collected in the experiments and
are used to assess the efficiency of the various approaches.

A conjugate gradient iterative method, CGLS [13] is used in the experiments as the

basic iterative method to solve the least squares problems and, for square matrices, the
nonsymmetric linear systems. Of course, even though CGLS does not form the normal
equations explicitly, its convergence depends on their spectrum. We would, therefore, expect
CGLS to have difficulty converging for problems that are not well conditioned. Applying
CGLS to the test suite confirms this expectation. Since the test problems are consistent we
can use || z — z* ||z / || 2* ||2< 107° as the condition that determines acceptable accuracy.
Unfortunately, this proved to be a very difficult condition for CGLS to fulfill. Only 6 of the
30 test problems produced the desired accuracy within n iterations. After 2n iterations, a
total of 9 matrices satisfy the requirement. Finally, after 2m only 2 more are added for a
total of 11 out of 30 matrices. If the accuracy condition is altered to constrain the residual
by requiring || b — Az ||»< 107 ® or || b — Az ||z / || & ||2< 107°, the situation improves
somewhat. After n iterations, 10 matrices have satisfied the requirement. An additional 5
matrices have acceptable errors after 2n steps and after 2m iterations a total of 16 matrices
out of 30 are solved satisfactorily. Therefore, some form of preconditioning is required for
CGLS to be a viable solution technique for these test problems.
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name m n | nnz(A) | nnz(ATA) | dense(A) | dense(ATA)
amocol 1436 330 35210 27686 7.43 25.42
belladit 374 82 1343 2395 4.38 35.60
bellmedt 5831 | 1033 52012 372255 0.86 34.89
111c1850 1850 713 10608 5633 0.80 1.11
well1850 1850 713 10608 5633 0.80 1.11
well1033 1033 | 321 5765 2469 1.74 2.40
conev8 3362 | 484 15852 5135 0.97 2.19
dunes8 5414 | 771 25430 6998 0.61 1.18
strat8 16640 | 2205 78298 21757 0.21 0.45
bnll 1576 | 632 9152 28005 0.92 7.01
HTf800 854 | 525 6235 10625 1.39 3.85
gen 1500 780 3276 5816 0.28 0.96
nzfri 3521 624 15903 8406 0.72 2.16
pilot4 1000 411 5145 6899 1.25 4.08
scsd6 1350 148 5666 2248 2.84 10.26
seba 1028 516 4874 52432 0.92 19.69
shell 1775 | 537 4900 2748 0.51 0.95
ship12s 2869 | 1042 8284 6388 0.28 0.59
standata 1075 | 360 3038 1833 0.79 1.41
woodw 8405 | 1099 37478 21525 0.41 1.78
fs_760_1 760 | 760 5976 13957 1.03 2.42
1s_760_3 760 | 760 5976 13957 1.03 2.42
gre 115 115 115 421 692 3.18 5.22
hwatt_2 1856 | 1856 11550 27445 0.34 0.80
mcfe 765 765 24382 73254 4.17 12.52
orsreg_1 2205 | 2205 14133 24203 0.29 0.50
pde 9511 961 961 4681 6420 0.51 0.70
pores_2 1224 | 1224 9613 12723 0.64 0.85
saylrd 3564 | 3564 22316 38793 0.18 0.31
steam?2 600 | 600 13760 20237 3.82 5.62

Table 1: Characteristics of test matrices

16




4.2 Implementation of CIMGS and its performance

As with Cholesky factorization, by reorganizing the computations we can get different ver-
sions of CIMGS. The version given earlier can be viewed as a rank-1 update approach. The
experiments use a delayed update version. On the #'" step, we form the 7*® row of AT A, store
it in B, then perform all the CIMGS modifications for that row before going on to the next
row. During this computation we may need to store elements in a row that are in the drop
set, but are needed for the modifications required for later rows. This organization facilitates
the use of a very simple dynamic data structure to hold the row as it evolves from AT A, the
original B, to the final form of B. The fill-in elements are computed using a simple pattern
union computation for each sparse row triad performed.

The implemented version of CIMGS is:

Algorithm [R]=CIMGS[B,P]

begin
for + = 1,2, ..., n,
fork = 1,2, ..., 2—1,
. B(i,2:n) — ri;B(k,2:n k,7) ¢ P
(1) Bli,iin) = { Bgi,izng - b,m-R((k,z':n)) Ek;% e P
endfor
if b;; > 0 then
(2) by = Vb
(38) B(z,2:n) = B(i,1:n)/b;
for 5 = 1,241, ..., n
{0 C(kpyer
4 " { bij (k,j) & P
endfor
else
(5) quit (incomplete factorization can not complete)
endif
endfor
end

In the algorithm description, there is no specification for the selection of P except for
the exclusion of diagonal elements. Ways of selecting P can be divided into two classes:
dynamic and static. By dynamic we mean that P is unknown until the completion of the
factorization. For example, using a drop tolerance to select retained elements is a dynamic
method. Assume that A is normalized so that the diagonal elements of AT A are equal 1
and all the off diagonal elements are less than or equal to 1. Note that the computation of
CIMGS will not make the elements greater than 1. So we can safely choose the tolerance
€ between 0 and 1. When the magnitude of a computed element is smaller than e, this
element is dropped, or we say this position is selected into P. By static we mean that P
is determined before the numerical computation starts. For example, P can be selected so
that the target factor will have the same sparsity pattern as the normal equations, the way
incomplete Cholesky factorization usually does.
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By experiment we found that the ’compression’ technique is effective in reducing the
computational cost of computing the preconditioner. CIMGS produces the preconditioner
much more efficiently than IMGS for a given pattern selection strategy. Table 2 shows the
number of test matrices in various ranges of speedup, where speedup is defined as the ratio
of operation counts of CIMGS over IMGS for dynamic pattern selection. Speedups defined
as the ratio of execution times follow similar profiles. The data clearly shows substantial
improvement in the production of the preconditioner — a factor of over 2000 in one case. In
addition, the quality of the preconditioners produced by CIMGS are the same as for IMGS,
with the exception of one problem for which CIMGS fails to produce the preconditioner R,
and two problems for which CIMGS is unexpectedly superior. The fact that there is one
problem that CIMGS can not produce the factor R while IMGS does confirms the analysis
presented earlier showing that CIMGS is more likely than IMGS to breakdown due to the
numerical deficiency.

speedup | 1-30 | 30-60 | 60-100 | 100-200 | 200-500 | 500-1000 | >1500
# matrices | 6 5 2 9 4 1 2

Table 2: Number of matrices in selected ranges of the ratio of IMGS operation to CIMGS
operation count for the preconditioner phase with dynamic pattern selection

Figure 1 demonstrates the reduction in total operations count (for performing the fac-
torization and applying the iterative method) by plotting the ratio of operation counts for
IMGS over those of CIMGS for the 30 test cases. In all cases this ratio is no smaller than
one.
As with IMGS and ICGS the performance of CIMGS with dynamic dropping is sensitive
to the choice of €. For example, when € = 0.02 we find that for BELLMEDT most of the time
CIMGS takes to solve the problem is in the factorization phase. We can then increase the
size of € to reduce the cost of factorization and to improve the overall performance. Figure 2
shows the effects of varying € for this problem. On the other hand, for problem SAYLR4, the
preconditioning quality of R is not good enough and the iterative phase takes an excessive
amount of time. Reducing ¢ allows the iterative method to solve the problem, and improves
performance as shown in Figure 3. The optimal value of € is unknown in general. This is
a potential difficulty of CIMGS, which it shares with other drop tolerance methods such as
ILUT preconditioning [15]. In general, the more ill conditioned problems are, the smaller €
may need to be. In any case, this flexibility of pattern selection may allow us to find a better
preconditioner after a more careful selection process.

4.3 Comparison of CIMGS with IC

Previously we showed that when AT A is an M-matrix, Rorargs better approximates Reror
than Rjc does, so we expect that Rorpgs will perform better than Rj¢ as a preconditioner.
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Figure 1: Ratio of total operation counts: IMGS to CIMGS (static and dynamic)

What if the normal equations are not an M-matrix? Since we do not yet have analytic
results to answer this question, we next seek to experimentally determine which is better by
numerical testing.

In general, IC is much more likely to fail than CIMGS. This is the primary advantage of
incomplete orthogonal factorization preconditioning methods over IC preconditioning. It is
known that IC fails so often that it is not practical to use it without modification for general
problem solving. For problems for which IC exists without modification, we now compare
the performance of IC with CIMGS.

When the pattern is chosen to be that of the normal equations, the number of iterations
of CGLS preconditioned by CIMGS and IC respectively are shown in Table 3. In the table,
the space shown is the number of floating point numbers for the factorization. Operations
are counted in millions of floating point operations in the factorization phase. The operation
count is the same in each iteration for both IC and CIMGS preconditioner because they
produce an R with the same structure. So the iteration number can be used to evaluate the
number of operations for the iterative phase.

This table shows that in general, with the drop set P from the complement of the set of
positions of non-zero elements of normal equations. the factors R generated by these methods
perform similarly as preconditioners. IC is likely to take one or two more iterations than the
others. Although the difference is small, it seems to agree with the theoretical analysis for
the case when AT A is an M-matrix. This does not provide a firm basis to conjecture that the
theoretical results can be extended to more general problems, because the testing is limited.
We do not yet know if this comparison will change as the non-zero pattern is varied or how
it changes as, e.g., the angles between the columns of A changes. We also do not know how
large the difference between the IC and CIMGS preconditioners can become. Here we only
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Figure 2: Effect of € on the cost of CIMGS factorization BELLMEDT

see a small difference; more testing is needed to answer these question.

As mentioned in the previous section, there are methods that can modify the pattern
so that IC will exist. For problems for which IC needs some pattern modification to avoid
numerical breakdown, the preconditioner R produced by IC using a modified pattern is the
same as the R produced by CIMGS using the same pattern. The performance of the IC
preconditioner will be the same (or very close) as that of the CIMGS preconditioner.

From the table we can also see that the differences in the cost of computing these fac-
torizations are quite significant and in general IC is much cheaper than CIMGS. So in those
cases where both CIMGS and IC successfully complete use the same static pattern, the cost
of the factorization and therefore the cost of solving the system heavily favors IC. CIMGS
does have a significant advantage over IC and other preconditioners — CIMGS is the only
robust preconditioner that does not have to rely on elaborate restart mechanisms to achieve

20



x 10

3 : : 3000
[7)]
C
k)
@
2t 8 2000
T 5
E —
€ 3
1} £ 1000
=]
c
[0)
£
0 -6 ) ) 0 -6 ” ) 0
10 10 10 10 10 10 10 10
(a) (b)
300 : : 400
g 200} §
[8] =
8 £ 200
73]
£ 100% g
[ LL

Solid line: Total time or flops.
Dash line: CIMGS factorization time or flops.
Dot line:  CGLS iteration time or flops.

Figure 3: Effect of € on the cost of the iterative phase of CIMGS for SAYLR4

robustness when the factorization fails to exist. This enables CIMGS to use its adjustability
to improve the overall solution process efficiency by using a smaller and more problem de-
pendent non-zero set to generate its preconditioner, possibly offseting the added cost of its
factorization compared to IC and similar methods.

This can be seen from the data in Figure 4. For the 12 problems where IC exists and
allowed convergence, the pattern selection was adjusted for CIMGS!. The CIMGS version is
either comparable to, or appreciably better than, the IC version, indicating that with careful
adjustment the CIMGS preconditioner can be competitive with or superior to the standard
and usually efficient IC preconditioner.

Note that in the implementation of IC, we only keep the positions that the elements will

1A description of the adjustments is given in the discussion of the comparison to the normal equations.
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Name Iterations Space Operations
cimgs | IC || cimgs ic || cimgs ic
belladit 14 | 15 3401 2395 0.17 0.08
bellmedt 16 | 17 || 533070 | 372255 | 324.30 | 142.32
dunes8 20 | 21 || 119523 6998 1.89 0.06
conev 111 20591 5135 0.38 0.05
strat8 89 | 91 9558 | 21757 1.61 0.18
fs_760_1 4| 4] 232165 | 13957 8.70 0.02
gre_115 34 | 35 5749 692 0.07
steam2 T T 113548 | 20237 7.32 0.53
nzfri 57 | 57 | 189907 8406 7.52 0.06
scsd6 21| 21| 11026 2248 0.32 0.03
shell 23 | 22| 95739 2748 0.87 0.01
woodw 34 | 35 || 156426 | 21525 6.61 0.29

Table 3: Comparison of CIMGS and IC.
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Figure 4: Ratio of total operations for CGLS/IC to total operations for CGLS/CIMGS with

adjusted pattern selection
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be saved and only do the computations that involve the elements that in those positions.
Obviously we need not compute for positions that are in P, because we know those positions
will not effect the values of the final factor R. The situation is more complicated for CIMGS,
where we not only need to compute the elements not in the drop set P, but also need to
compute some of the elements in P because they carry intermediate information that will
eventually affect the value of R. On the other hand, it is not necessary to compute all the
elements in P because some of them will not affect the value of R. Computing them will
involve ‘compute-then—drop’, which is a waste of time and space. A detailed discussion of an
algorithm that identifies these unnecessary computations by symbolic analysis can be found
in [16]. The data we show here includes such unnecessary computations, but it should be
kept in mind that performance may be improved further given an efficient symbolic analysis
algorithm that identifies and eliminates unnecessary computations.

4.4 Comparison of CIMGS with direct methods

Is the CIMGS preconditioner effective enough to compete with direct methods? We also con-
ducted experiments comparing CIMGS preconditioned CG method with two direct methods:
the QR factorization of SPARSPAK-B, and SPARSPAK-A applied to the normal equations.

From the experiments we found that SPARSPAK-B is able to solve all the problems
except MC_FE and STEAM2, for which || Az —b ||2< 107° could not be reached because || b ||»
is too large, 3.955 x 10'3 for MC_FE and 5.266 x 10'° for STEAM2. The relative residuals
for the solution of these two problems are small, however. Comparing with other methods
tested we find that SPARSPAK-B is the most robust method. There are some problems for
which CIMGS breaks down during the factorization when using certain drop sets P, and so
a pattern adjustment may be needed. Comparing the number of floating point operations
and the time used by the methods, SPARSPAK-B need more floating point operations than
the other methods. CGLS preconditioned by CIMGS is more efficient by this measure.

The normal equations method implemented using SPARSPAK-A is much more efficient
than the QR in SPARSPAK-B but is less robust. Table 4 shows the number of problems
for which SPARSPAK-A fails to generate the Cholesky factor using various reorderings, and
the number of problems for which SPARSPAK-A with the corresponding orderings provides
the most efficient solution.

Method | Reverse Cuthill-McKee | Refined Quotient Tree | Minimum Degree
# Failure 6 5 6
# Best 9 1 15

Table 4: Performance of SPARSPAK-A

Compared with CGLS preconditioned by CIMGS, the normal equations method is less
robust in the sense that it fails on more problems than the CGLS/CIMGS combination.
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Furthermore, there is almost no space for improvement in the direct method. For CGLS
preconditioned by CIMGS, there is great flexibility in pattern and ordering selection so that
if CIMGS with a pattern fails to compute a factor R, we can change to another pattern.

So with a careful selection of the sparsity pattern, CGLS preconditioned by CIMGS can
be as efficient as the normal equations method. For example, consider the following two
sets of performance tests. The first set, in Figure 6, shows the ratio of flops when using
SPARSPAK-A with reverse Cuthill-McKee (RCM) ordering to the flops when using CGLS
with CIMGS preconditioning. The second set, in Figure 5, shows the ratio of times. The
results were from having 50% of the problems use either the static pattern of the normal
equations, or a dynamic pattern with e = 0.02, whichever is better, and the remaining 50%
of the problems use dynamic pattern selection with no more than 3 refinements of e.

time
7 T

CIMGS/SPK-A
[N A
T T
| |

oL |

1 >\‘i | /x/y\
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Figure 5: Comparison of times for SPARSPAK-A and CGLS preconditioned by CIMGS

From Figure 6 we see that for some problems, such as BELLMEDT, ILLC1850, WELL1850
and WELL1033, the iterative method works much more efficiently than the normal equations
method. For other problems such as STRAT8 and PROSE_2, the normal equations method
works better.

The results in Figure 5 differ from those comparing the number of operations. In terms of
time, there are more problems for which the normal equations method is better than CGLS
preconditioned by CIMGS. This inconsistency is due in part to the difference in optimization
levels afforded the two codes. The implementation of CIMGS is not optimized compared to
SPARSPAK, and some implementation details of CIMGS can be bettered. For example, our
symbolic analysis and data structure allocation can be improved by properly adapting the
fast symbolic Cholesky factorization result. This will is a goal of future research.

In summary, compared with the QR method, a robust direct method of solving linear
least squares problems, we conclude that for most test problems, using CGLS with CIMGS
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Figure 6: Comparison of operations for SPARSPAK-A and CGLS preconditioned by CIMGS

i1s much more efficient. On the other hand, the normal equations method, on the problems
succeeds in solving, is more efficient. However, if we are free to use the adjustability of the

CIMGS preconditioner, we find that CGLS with CIMGS preconditioning can be as efficient

as the normal equations method.

5 Conclusion

This paper introduces a new preconditioning algorithm CIMGS. A detailed study of the
theoretical and numerical properties of CIMGS shows that it is robust both theoretically and
empirically, existing (in exact arithmetic) for any full rank matrix. Numerically it is more
robust than an incomplete Cholesky factorization preconditioner, and CG preconditioned
with CIMGS compares favorably with using Cholesky factorization on the normal equations.
This suggests that with CIMGS preconditioning, CG can be a viable method for practical
use for least squares problems.

Additional theory shows that CIMGS is equivalent to IMGS, the factorization has bet-
ter backward error properties than complete Cholesky factorization does, and for systems
whose normal equations are M-matrices, CIMGS induces a regular splitting, better esti-
mates the complete Cholesky factor R° as the drop set P gets smaller, and lies between
complete Cholesky factorization and incomplete Cholesky factorization in its approximation
properties. Those properties usually seem to numerically hold, even when AT A is not an
M-matrix. When the drop set satisfies a mild and easily verified (or enforced) property,
the upper triangular factor CIMGS generates is the same as the one incomplete Cholesky
factorization does. This allows guaranteeing the existence of IC factorization, based solely
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on the target sparsity pattern.

There are several issues left for further research. First, we need to have a more efficient
algorithm to identify unnecessary computations used in the current implementation for static
sparsity patterns. This should bring down the computation cost further, and we are currently
working on this issue.

Second, new reordering algorithms need to be found to reduce the intermediate data
storage and computations. Existing reorderings generally target minimizing fill-in during
complete factorization, or minimizing bandwidth of the matrix. Possibly by adapting them
we can develop a new heuristic more suitable for improving the performance of CIMGS, by
minimizing the intermediate computations.

Selecting an optimal target sparsity pattern, i.e., the drop set P, could be crucial to the
success of CIMGS. We need to have a fast way of selecting the pattern, but even if this is
not practical, for problems where the same pattern can be used over and over, it may still
be worthwhile to search for a near optimal pattern.

Parallel processing is an important issue which has not been discussed here. Although
CIMGS has a structure similar to Cholesky factorization, which is not as rich in parallelism as
Gram—Schmidt type factorization, we can still exploit parallelism in the algorithm by utilizing
a block bordered diagonal matrix structure. Because of the great flexibility of sparsity pattern
selection allowed in CIMGS, it is feasible to combine sparsity pattern selection strategies with
matrix ordering techniques to get better performance of the parallel processing.

The preconditioning method proposed here is applied to CG type iterative methods. How
will they perform when combined with other type of iterative methods, for example, row
projection methods, GMRES or Lanczos-based methods? Of particular interest is adapting
the preconditioner to the particular iterative method. We are presently investigating the
relationship of near-orthogonality of the coefficient matrix of a system of linear equations to
the convergence behavior of a collection of iterative methods and the implications for the
use of CIMGS as a preconditioner.

Another potential research area is to extend the relation of CIMGS with Cholesky and
incomplete Cholesky to unsymmetric matrices. It will be interesting and useful if there is a
algorithm which has a similar relation with LU factorization and incomplete LU factorization,
and avoids the problem of numerical breakdown.
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