
Program M

{ x = A ∧ y = B}
begin

z := 0;
{ z + xy = AB}
while x 6= 0 do

if even?(x)
then

begin x := 1

2
x ; y := 2y end

else

begin x := x − 1 ; z := z + y end

end

{ z = AB}



Program M – Abbreviations

{ x = A ∧ y = B}
begin

z := 0;
{ z + xy = AB}
while x 6= 0 do

if even?(x)
then

begin x := 1

2
x ; y := 2y end

else

begin x := x − 1 ; z := z + y end

end

{ z = AB}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB



Program M – Abbreviations

{ Pre}
begin

z := 0;
{ Inv}
while x 6= 0 do

if even?(x)
then

begin x := 1

2
x ; y := 2y end

else

begin x := x − 1 ; z := z + y end

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB



Program M – More Abbreviations

{ Pre}
begin

z := 0;
{ Inv}
while Test do

if even?(x)
then

Then

else

Else

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end



Program M – More Abbreviations

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

{P} S1 {I} • {I} while T do {I} S2 {Q}

{P} begin S1 ; while T do {I} S2 end {Q}

Goals :

→ (1) {Pre} begin z := 1 ; Loop end {Post}



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

P ⇒ Q
[

T

v

]

{P} v := T {Q}

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

→ (2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

{I ∧ T} S {I} • I ∧ ¬T ⇒ Q

{I} while T do {I} S {Q}

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

→ (3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

5 6

while

{P ∧ T} S1 {Q} • {P ∧ ¬T} S2 {Q}

{P} if T then S1 else S2 {Q}

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]

→ (5) {Inv ∧ x 6= 0} Body {Inv}

(6) Inv ∧ (x = 0) ⇒ Post



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

8

5 6

while

7

if

{P} S {Q
[

T

v

]

}

{P} begin S ; v := T end {Q}

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]

(5) {Inv ∧ x 6= 0} Body {Inv}

(6) Inv ∧ x = 0 ⇒ Post

→ (7) {Inv ∧ x 6= 0 ∧ even?(x)} Then {Post}

(8) {Inv ∧ x 6= 0 ∧ ¬even?(x)} Else {Post}



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

8

5 6

while

7

9

:=

if

{P} S {Q
[

T

v

]

}

{P} begin S ; v := T end {Q}

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]

(5) {Inv ∧ x 6= 0} Body {Inv}

(6) Inv ∧ x = 0 ⇒ Post

(7) {Inv ∧ x 6= 0 ∧ even?(x)} Then {Post}

→ (8) {Inv ∧ x 6= 0 ∧ ¬even?(x)} Else {Post}

(9) {Inv ∧ x 6= 0 ∧ even?(x)} x := 1

2
x {Post

[

2y

y

]

}



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

8

5 6

while

7

:=

109

:=

if

{P} S {Q
[

T

v

]

}

{P} begin S ; v := T end {Q}

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]

(5) {Inv ∧ x 6= 0} Body {Inv}

(6) Inv ∧ x = 0 ⇒ Post

(7) {Inv ∧ x 6= 0 ∧ even?(x)} Then {Post}

(8) {Inv ∧ x 6= 0 ∧ ¬even?(x)} Else {Post}

→ (9) {Inv ∧ x 6= 0 ∧ even?(x)} x := 1

2
x {Post

[

2y

y

]

}

(10) {Inv ∧ x 6= 0 ∧ ¬even?(x)} x :=x − 1 {Post

[

z+y

z

]

}



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

8

5 6

while

7

9

:=

:=

11

:=

10

if

P ⇒ Q
[

T

v

]

{P} v := T {Q}

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]

(5) {Inv ∧ x 6= 0} Body {Inv}

(6) Inv ∧ x = 0 ⇒ Post

(7) {Inv ∧ x 6= 0 ∧ even?(x)} Then {Post}

(8) {Inv ∧ x 6= 0 ∧ ¬even?(x)} Else {Post}

(9) {Inv ∧ x 6= 0 ∧ even?(x)} x := 1

2
x {Post

[

2y

y

]

}

→ (10) {Inv ∧ x 6= 0 ∧ ¬even?(x)} x :=x − 1 {Post

[

z+y

z

]

}

(11) Inv ∧ x 6= 0 ∧ even?(x) ⇒ Post

[

2y

y

][

1

2
x

x

]



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

8

5 6

while

7

9

:=

:=

11

:=

:=

12

10

if

P ⇒ Q
[

T

v

]

{P} v := T {Q}

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]

(5) {Inv ∧ x 6= 0} Body {Inv}

(6) Inv ∧ x = 0 ⇒ Post

(7) {Inv ∧ x 6= 0 ∧ even?(x)} Then {Post}

(8) {Inv ∧ x 6= 0 ∧ ¬even?(x)} Else {Post}

(9) {Inv ∧ x 6= 0 ∧ even?(x)} x := 1

2
x {Post

[

2y

y

]

}

(10) {Inv ∧ x 6= 0 ∧ ¬even?(x)} x :=x − 1 {Post

[

z+y

z

]

}

(11) Inv ∧ x 6= 0 ∧ even?(x) ⇒ Post

[

2y

y

][

1

2
x

x

]

(12) Inv ∧ x 6= 0 ∧ ¬even?(x) ⇒ Post

[

z+y

z

][

x−1

x

]



Program M – Synthesis of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

8

5 6

while

7

9

:=

:=

11

:=

:=

12

10

if

P ⇒ Q
[

T

v

]

{P} v := T {Q}

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]

(5) {Inv ∧ x 6= 0} Body {Inv}

(6) Inv ∧ x = 0 ⇒ Post

(7) {Inv ∧ x 6= 0 ∧ even?(x)} Then {Post}

(8) {Inv ∧ x 6= 0 ∧ ¬even?(x)} Else {Post}

(9) {Inv ∧ x 6= 0 ∧ even?(x)} x := 1

2
x {Post

[

2y

y

]

}

(10) {Inv ∧ x 6= 0 ∧ ¬even?(x)} x :=x − 1 {Post

[

z+y

z

]

}

(11) Inv ∧ x 6= 0 ∧ even?(x) ⇒ Post

[

2y

y

][

1

2
x

x

]

(12) Inv ∧ x 6= 0 ∧ ¬even?(x) ⇒ Post

[

z+y

z

][

x−1

x

]



Program M – Translation of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

8

5 6

while

7

9

:=

:=

11

:=

:=

12

10

if

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]

(5) {Inv ∧ x 6= 0} Body {Inv}

(6) Inv ∧ x = 0 ⇒ Post

(7) {Inv ∧ x 6= 0 ∧ even?(x)} Then {Post}

(8) {Inv ∧ x 6= 0 ∧ ¬even?(x)} Else {Post}

(9) {Inv ∧ x 6= 0 ∧ even?(x)} x := 1

2
x {Post

[

2y

y

]

}

(10) {Inv ∧ x 6= 0 ∧ ¬even?(x)} x :=x − 1 {Post

[

z+y

z

]

}

(11) Inv ∧ x 6= 0 ∧ even?(x) ⇒ Post

[

2y

y

][

1

2
x

x

]

(12) Inv ∧ x 6= 0 ∧ ¬even?(x) ⇒ Post

[

z+y

z

][

x−1

x

]

Verification Conditions:

(4) {Pre} ⇒ Inv

[

1

z

]

(6) Inv ∧ x = 0 ⇒ Post

(11) Inv ∧ x 6= 0 ∧ even?(x) ⇒ Post

[

2y

y

][

1

2
x

x

]

(12) Inv ∧ x 6= 0 ∧ ¬even?(x) ⇒ Post

[

z+y

z

][

x−1

x

]



Program M – Translation of Verification Conditions

{ Pre}
begin

z := 0;
while Test inv { Inv } do Body

end

{ Post}

Pre ≡ x = A ∧ y = B

Inv ≡ z + xy = AB

Post ≡ z = AB

Test ≡ x 6= 0
Then ≡ begin x := 1

2
x ; y := 2y end

Else ≡ begin x := x − 1 ; z := z + y end

Body ≡ if even?(x) then Then else Else

Loop ≡ while Test inv { Inv } do Body

1

2 3

init

4

:=

8

5 6

while

7

9

:=

:=

11

:=

:=

12

10

if

Goals :

(1) {Pre} begin z := 1 ; Loop end {Post}

(2) {Pre} z := 1 {Inv}

(3) {Inv} Loop {Post}

(4) {Pre} ⇒ Inv

[

1

z

]

(5) {Inv ∧ x 6= 0} Body {Inv}

(6) Inv ∧ x = 0 ⇒ Post

(7) {Inv ∧ x 6= 0 ∧ even?(x)} Then {Post}

(8) {Inv ∧ x 6= 0 ∧ ¬even?(x)} Else {Post}

(9) {Inv ∧ x 6= 0 ∧ even?(x)} x := 1

2
x {Post

[

2y

y

]

}

(10) {Inv ∧ x 6= 0 ∧ ¬even?(x)} x :=x − 1 {Post

[

z+y

z

]

}

(11) Inv ∧ x 6= 0 ∧ even?(x) ⇒ Post

[

2y

y

][

1

2
x

x

]

(12) Inv ∧ x 6= 0 ∧ ¬even?(x) ⇒ Post

[

z+y

z

][

x−1

x

]

Verification Conditions:

(4) x = A and y = B imply 0 + xy = AB

(6) z + xy = AB and x = 0 imply z = AB

(11) z + xy = AB and x 6= 0 and even?(x) imply z +
(

1

2
x
)

(2y) = AB

(12) z + xy = AB and x 6= 0 and odd?(x) imply (z + y) + (x − 1)y = AB


