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. For each of the following inequalities give an example of languages L for which
the inequality holds.

(@) (L*)* # (L*)?. (Hint: One letter suffice)
® L-L*+L"
Solution. Let L = {a}. Then ¢ € L* but ¢ ¢ L- L*.

. For each of the following inequalities give an example of languages L, M for
which the inequality holds.

@ L-M#DM-L.
Solution. Let L = {0} and M = {1}. Then L-M ={01}# {10} =M - L.
(b) Lt L+ £ L*.
Solution. Let . = {1}.Then 1 € L™but 1¢& LT LT sinceallstrings
in Lt . LT havelength > 2 .
() (L-M)*#L* M*.
Solution. Let L = {0} and M = {1}. Then 0101 =01-01€ (L-M)*
but 0101 ¢ L*- M* sinceno stringin L* - M™* canhave 1 preceding
0.

Anevensimplerexample: (- {1})* = 0* ={e} but 0" -{1}* ={e} - {1}* = {1}".
. Prove that L* - L* = L* for all languages L.

Solution. Wehave c € L* so L*-L*D{e} -L"=L".

To prove that L* - L* C L* suppose w € L*-L*, thatis w = wu-v for some
u,v € L*. By the definition of L* we have then v € L' and v € L’ for some
i,j > 0.Butthen w=w-vel' LJ=L" CL*.

. Prove that L™ - L+ C L™ for all languages L.

Solution.  Suppose w € LT - L™, thatis w = u-v for some u,v € L. By
the definition of L™ we have then u € L' and v € L’ for some i,;j > 1. But
then w=w-vell L7 =L CLY since i+j > 0.

. For any non-empty language L, L™ C L*- L% iff ¢ € L.
Solution. Let . be non-empty.
If c€ L then ¢ € L™ ,since L C L by thedefinitionof L™.So L ={e} LT CL" - L*

Conversly, if ¢ & L, let w be astringin L™ of shortest length. Such w exists,
since L is not empty, and is not ¢ by assuptiojn. The minimal length of strings
in LT-L" isthus 2|w|, which is > |w|, because w #¢e. So w € LT but
w g )




6. Prove that (L*)" = L for all languages L.
Solution.  For any language M we have M C M™, by the definition of M,
so LT C (L) .

Toprovethat (LT)" C LT take w € (LT)T. By thedefinition of +, w € (LT)"
forsome n > 0. Since LT - L* C L* (provedabove), wehave (L*T)" =Lt ..... LT
(n times) C L. So w e LT,

The latter argument can be articulated by referring to strings rather than languages.

If we (LT)" then w=wuy,...,u; € L™ for some wuj,...,u, € LT. Each
U; 1S Vi - - Vi, forsome v ...vi,, € L. So
W= Uy - Uip, Uy - - - 1 Uy + oo UL+ Uk,

which is a string in L.

7. Give an example of a ¥-language L for which (L?)* # (L*)?.



