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Assignment 7: Context-free languages

Solutions.

Solved practice problems numbered in red, assigned problems in green.

1. (25%) For each grammar below describe in words the language it generates.

(i) S → aSb | bSa | εS → aSb | bSa | εS → aSb | bSa | ε

Solution. The set of strings ww̃ww̃ww̃

where w̃̃w̃w is www with aaa and bbb interchanged.

(a) S → SS | aS → SS | aS → SS | a

Solution. L(a+)L(a+)L(a+), i.e. the non-empty strings over the letter aaa.

(ii) S → aS | cTS → aS | cTS → aS | cT , T → aT | cRT → aT | cRT → aT | cR, R → aR | εR → aR | εR → aR | ε.

Solution. The strings of the form a
i
ca

j
ca

k
a

i
ca

j
ca

k
a

i
ca

j
ca

k where i, j, k > 0i, j, k > 0i, j, k > 0 .

(b) S → aA | bBS → aA | bBS → aA | bB, A → aA | bA | aA → aA | bA | aA → aA | bA | a, B → aB | bB | bB → aB | bB | bB → aB | bB | b.

Solution. The strings that start and end with the same letter, i.e. the strings of

the form a · w · aa · w · aa · w · a and the strings of the form b · w · bb · w · bb · w · b.

2. (75%) For each of the following languages give a CFG that generates it.

(a) L = {an
b

p
c

q | n = p+q}L = {an
b

p
c

q | n = p+q}L = {an
b

p
c

q | n = p+q}

Solution. S → aSc | B, B → aBb | εS → aSc | B, B → aBb | εS → aSc | B, B → aBb | ε

(i) L = {anx | x ∈ {a,b}∗, |x| = n}L = {anx | x ∈ {a,b}∗, |x| = n}L = {anx | x ∈ {a,b}∗, |x| = n}

Solution. S → aSa | aSb | εS → aSa | aSb | εS → aSa | aSb | ε

(b) L = {anx | #a(x) = n}L = {anx | #a(x) = n}L = {anx | #a(x) = n}

Solution. S → aSa | Sb | εS → aSa | Sb | εS → aSa | Sb | ε.

(ii) L = {ai
b

i
c

j
d

j | i, j > 0}L = {ai
b

i
c

j
d

j | i, j > 0}L = {ai
b

i
c

j
d

j | i, j > 0}

Solution. S → LR, L → aLb | ε, R → cRd | εS → LR, L → aLb | ε, R → cRd | εS → LR, L → aLb | ε, R → cRd | ε

(c) L = {ai
b

j
c

j
d

i | i, j > 0}L = {ai
b

j
c

j
d

i | i, j > 0}L = {ai
b

j
c

j
d

i | i, j > 0}

Solution. S → aSd | M, M → bMc | εS → aSd | M, M → bMc | εS → aSd | M, M → bMc | ε

(d) L = {ap
b

p+2q | p, q > 0}L = {ap
b

p+2q | p, q > 0}L = {ap
b

p+2q | p, q > 0}

Solution. S → aSb | Sbb | εS → aSb | Sbb | εS → aSb | Sbb | ε.



(e) L = {an
b

m
c

p
d

q | m+n = p+q, n > q}L = {an
b

m
c

p
d

q | m+n = p+q, n > q}L = {an
b

m
c

p
d

q | m+n = p+q, n > q}.

Hint: L = {aq+i
b

m
c

m+i
d

q | m, q, i > 0}L = {aq+i
b

m
c

m+i
d

q | m, q, i > 0}L = {aq+i
b

m
c

m+i
d

q | m, q, i > 0}

Solution. S → aSd | T, T → aTc | U, U → bUc | εS → aSd | T, T → aTc | U, U → bUc | εS → aSd | T, T → aTc | U, U → bUc | ε.

(f) X = {an
b

m
c

p
d

q | m+n = p+q}X = {an
b

m
c

p
d

q | m+n = p+q}X = {an
b

m
c

p
d

q | m+n = p+q}.

Hint: This is the union of LLL above and a similar language with n 6 qn 6 qn 6 q .

Solution. X = L ∪ L′X = L ∪ L′X = L ∪ L′ where LLL is as in the previous problem (e) and

L′L′L′ = {an
b

m
c

p
d

q | m+n = p+q, q > n}= {an
b

m
c

p
d

q | m+n = p+q, q > n}= {an
b

m
c

p
d

q | m+n = p+q, q > n}
= {aq

b
m+i

c
m
d

q+i | m+n = p+q}= {aq
b

m+i
c

m
d

q+i | m+n = p+q}= {aq
b
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c

m
d

q+i | m+n = p+q}
So XXX is generated by the CFG

S → N | QS → N | QS → N | Q

N → aNd | T, T → aTc | U, U → bUc | εN → aNd | T, T → aTc | U, U → bUc | εN → aNd | T, T → aTc | U, U → bUc | ε

Q → aQd | P, P → bPd | V, V → bV c | εQ → aQd | P, P → bPd | V, V → bV c | εQ → aQd | P, P → bPd | V, V → bV c | ε
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